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S T T S K A R y 
l . no flrot ©j&ist tbo dtfii&tioao of «ora«* teraB which 
*s.pp&\r oftoi&y in tbo theaio, 
ft mrtw "' a- (witt* $«JL a« tfao fi^eoefico ©f ito partial 
mm) io np.id to bo aboo lately ©mawblo by a fwproco©© if the 
oen«oneo 
wh®»*o ft^j- io 'tli® oiocseat ©f *»th row and to»tb eeltuan of a 
Booplifts sntrls , i« of boenaei *wri*».tioa i . o # •  l V ^ a - 1 ^ **• 
2# la tho special aao$s whott 
aafc 
a»Jr ^H* *» * -* 
o» k > a , 
the traj*for«r?tiftn of (*) radioes to COOET© SUMS no of order o 
and tho aba© late oaaffl&bilitgr nettoA aaoociatoa vittt i t io 
( 2 ) 
denoted by \Q$a\* 
*h» pibnolote •ssimblllty B»th&ae associated with th* 
trtiiietermtlon (*) t la fchs special easee when a ^ la 
are a«not©<3 fey |B tp t t | f fi*Qal ©*" |8tPt«f !,«&•& £pa^ and 
fan\ a r ® ***• @®l?t*eiM!«e ***** ' 
/ 
i, wsthod of absolsts aaffltnabiUty c? Is w ie to Inelu&s 
another method V If saefe oerieo absolutely su amble by P 
Is also shsolatsly attsmble by ;>. w® denote It by writing 
P C '"'# It ther« esi*t ** least ooo series whieb le absolutely 
sunaftblt by '~ b»fc cot ibsoiately sw®@abie by P» we writ* 
PcC« la ®t*eb ^ e»ee the following question* leeks logically 
plausible • i s there «ny serenes £eft* suefc teat absolutely 
swwiblllty of « giirea series x w^ by o isspllae that 
( 3 ) 
an€n *• *»***»*•** 0tmsaH« o/ p ? fao eenuancee f€n^ 
to sitewor thlo question in the nitOtmtirQ ere called 
ftbeolot* Bjcrability factor in transition fiom the n»thod 
G to F# 
In the present theftie we haw otudied various cNiraa-
terie- tinno of nbsoiute ©onnabiii^y factors for different 
nethodfl of mb«otti*« Bunoability. 
g, mo tnooi* oonsiofce of mmn ehaptero. Chapt*r one So 
devoted exoiueiroiy to the fandnraont^ X concepts of the theory 
of abeolwto nun* ability and o«rt*in rosttits are collected in 
it wfcl<* proviso tho oeoe to tb# nrobltMi tool&fd in tho 
subecnoent etapUrs, 
In obaptex two ft result of Ottw (T..H-;, 1954) fca* been 
ey .ended for lov»er oczri-a^trix trvneformtl m. Hie following 
thooroo* are frovoft in this chap tor. 
tt) b«k i * (n** * M o . . ) , 
( 4 ) 
(2) UBI b A • 1 ( k tim& ) 
n — *» ^^ 
(3) S lT^ IfttuCafej/b^) { - 0(1), 
^^^^^ W//L JWWBIW VW^w ^W**^* 
MMmte &s »« 1,2,..> » attt^tttsMffftiBM t w ^ i i m 
t f t • ( AX>n •» (>(a£) J 
(4) I •«*•« K b ^ ^ H t t l < * > 
ml 
mhm-i ( £ « * ) « * t «£. «t , (»£«) feting 8*« iewwoo of 
tho nutrlx {^j^}* 
2 ? I gg 2.2. i£t tt^ g^ ffaa,, mr,tm * *gg » gfiMi 
CD. <2>a&aaM*f4g§: 
<6) b^2 V * l*£TS*£nh 
( 5 ) 
(?) t J a ^ SjgJ • 0 ( f U ^ / ^ 1 ) , 
yn|fqrf|y | D k . 1 , 2 , . . . , J&»n,(5) and (6) ^ » O f Iciest 
condition f£r xnCn Jgt jfeg S^S^&lig ! H f % f . « E ( 4 > 
me following two oorollorlee ar« included in tht last 
(<0 ft j " j l» « > : » 
ffa»n» tbe aafoeay^. and >afficitnt c o n d i t i o ttefr 
«fff ; 
(1) £ a f t j < - , 
( i t ) t n j A ( i ^ e f t ) l < - . 
< * ) 
If > a > o t t^e fon^tfftjjff nr% ( i i ) ^ 
jit fgijgiteg HMUM-I M&* 
( U ) 11 1 A t» | < « * 
In ote»pt«t* *!*•• niietfe«r result of Cfcow ( ioc .oi t ) *• 
fMMrftlit«6, 'Hie tw© th«ar«» $r©v©4 ere th© following ; 
attest s ^ l sssal ** > * SB& k * **] I t satciaESSfiis* 
iti aa timm [»n\ St g«tt&Mts tat gaMta^rti 
«& JBU ?0 > • sat ia^ »»i it hff*Wft» ass* ;&$ 
mtftwrr £& sos&ssi aaflttw I M * - nen gsgtit it 
{ ? ) 
assist iMjfnaaag * «rl y*») <m»m • 
and (U) ^» (ej/n) * 0 (a ' Xj|), 
<i) f a « o(a log a) ^ 
t s f Cii) A e Ct^ eB) • <X» " ) . 
A TtMgrfts p? Hatter l¥M$B9 W72) funs %mn «xtta4tt in 
zmJLL mis&Sm mimm isttfttlm Sail • 
(«) % '•' I »——— - — • I < c9 k > © t 
-
1
 Vx *» 
( 8 ) 
* »«*a at at fismSlg l*tp*l,4tti&*: ^a u&mam 
(U) Ae B « o f r / R ^ ) . 
n o. ^ il -a* 
to be s&SSEl t»#%J,|teffi!m s sn Jfc MMttM A l ^ S t ' 
> 
CD ©R« o (c jT j / a ^ ) 
?tio following thasroM «r« «ftMHabtA in i?**pfc** fi^oA 
( 9 ) 
(») f L
 ft («. "-) | * o(a*2/%)« a - •% * $ a , 
ra«4 
C&) * f t * V {*? ^ ) , <*> 1 > 
<e) Urn — • » • I . 
H ** » 2* 
(a ,> d ) ; ^ l : 
<i) f a " j 
(jCX)t © < u < i { 
and (11) A ' ( a 4 « « ) * '(a ) , 
mem *•*• u • < *<*•0 * •• ui * < «• a » 
( 1 0 ) 
U) ea« o (a ), 
affi ( l i ) A (a*1 «tt> - 0 (a ) . 
y*rf*««* gsatefefg le : *a*» & is meat 1**1, 
( i ) t B » o( a ?tt ) , 
gag <u) A ^ r f * ^ ) * o(a ) . 
IH« following reeulte «ra obtaimd in chRpt«r »Ut: 
(a) | A < — * * . ) | * o (a /q ) 
{*) r R » c (a* q^), o > I , 
( u ) 
(O) lift mmmmm 1 # 
a «• *• r-
rh#n# the fHmffgy aa£ gftC,f|q|ftt| mHjfflSBI S&& : V n 
*|&&S be ouon.blt |*p#«J,4kltnE. t HR ^ flttnablg 
jC ta}k # k 2 I t « 2 • • S E 5 
• (a*l)k«~l • It* 
ml 
40
 "»1 It* 
(lia> n | e t t | < <* . 
M !wStfotMt artttftw Is & ^ . 1 M a a nmm £«»\ 
1116 S l l - V B i l tfflftrttf lc»MI,tfMWeyg ^ *» & 
• <«*l)k««i , « . k* 
CD £ • I A ( V i < % 
awl, "» 
l i f t ) £ oT l | f J < <* , 
8Pl ' 
( 12 ) 
• (®«f)k««4 k« 
m& ( l i b ) l m |€ n j < •% 
Hit lfttt ch&pttr la eo«fiutd so tht thtraottriattioa 
or nbtolvtt eofivtrnenet ffacWrt la tht following form, 
i t a r i w r i K H f r fBdf8»£» is ! 
( f t ) £ | A
 a ( mmmmmmm) \ £ t | — — j , BJ ^ & 
a (b) v j © j < « . 
k«© 
«£8H$ *t tfmmn mmmmttfmmm * an & w a n 
I(tftP»t)» & * ) U g t : 
(1) e a - 0 ( nBV jyrm ) , 
&g£ ( u ) e^ • 0 ( q ^ b ^ / B ^ r ^ ) . 
( 13 ) 
&• follftwiag corollary in glvta in th* l«.®t ••ction 
of ohspt** «•*•&, 
$g£ ( u ) €R - o ( p ^ w / P^ a Qttwg) 
At the end & coospl^ te bibliography, depleting mur-lout 
aftttaMMtlojAi* nod tfa*ir r*l*mi3t norka, «hieh «?• frtqutntly 
r»f«nr#a la the th«sist la given. 
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T2223 
^ 
^ » 7 * r w ^ T 
* < ' » : > . . 
\ - : X l l 
A <• 
?y 
l e M/f, IS! 
tf 
CH&KED-200S 
c B R n n c A i E 
Tie I© to certify feat "-he eontoatf* of this thesio 
•ntltl«d 'on ocrtAia probloMi la fibuolato aucrability 
factor** ie on origLml irooearob nork of is*, HhfeMmt 
tr. Di&ditjeit &»«• coder egr mporrialott, h pnrt of tfcio 
tfeosi© h' s either fclroa^F bt«» pabliofeod or nccepted for 
ppbllor tlon. 
1 fterttfcftr oortlgr feat tbo ©ork of thio thepi*t •ithar 
Partly or fully ha* mi boo* subedtted to aqp ©Steer inatitu^ 
fcioa for ttto »®rd ©f &.gf oHa«r dft#*4t# 
( /». U# AIUfiAD > 
svpfrvioor 
tMmrtraent of SfetfeooFtie©. 
m s u r h %sUs tratvoraitgr. 
P fv E V A C B 
2bo present tbeola entitled • on certain problem* in 
eboelttte Onwmbility f^etoro1 ie tb© outcome of Elf researched 
that I font tKj©a carrying out for tb* loot fiiro yooro under 
the eoponrieion of sr. .-. Vm Ahem69 i;,So#t Roofer v DH«rt» 
©eat of J*»tno»- tie©, AU&*rfe Moolis £ niter 8ity f /ili#*rb# 
1 teke this opportunity to ttenk Or. j&a&a for his 
£uidflnc«t uneftl eu; -eoti n« nnd above a l l bit personal 
interest in n? nork. I o® highly indebted to ' r . Abmi for 
hie »bio supervision onicb a&ao ay collaboration witfc bin a 
plon.oa.nt experienee. 
.".e tbeoi© no nolots of oovoa chapters, chapter one i t 
oon««era»te4 to the basic oonotpto of the theory of euasoabi-
l l ty and few known reeulfc© e»r« eieo ntatnd wfe cb **»*• givon 
rise to the probloao taofcled in the (subsequent eteptere of 
the theeie. :tmptest two give* a oheraotoriaotion of afeooloto 
so err Mi l ty fraotore for lowor^soiHi-aptrix transform t lone. 
In oteptor t*r«n« ttie aboolnte onsmbility footers involving 
Dbrioaft aer>n» **r© studied. Compter four doolo vitfc the 
< I I ) 
abuolBt« •wrxkbllilgr faetere for ?focrl&aa sad voigttod 
wo*y». In cfaftptom f i w and s ix , tho > bsolote tsoiarafebillty 
fAotort in transition froe tbo Otnare and Indexed Go**** 
wiaaa to the gnnmrollnnd orlund nu rbi i i ty method* h*YO 
boon oonoldorod, ho l m t chapter i s confined to tfco absolato 
ooaffltrgoaM frtetoro for a gon«r*il product satttiod of eurac*-
bill*r* 
t tfco ond • blblio^ftpbyt depicting the Brthow&Ucifcno 
red their respective work, uteiofe -re r«f«r efi in tho thool*, 
la givtn, 
I mm thankful to ;?r©f
 # S, Xnhsr Ifcaain, Head* IftpavW 
©out of »>tfeetrtie«if 4. I . v*9 Allgrarh, for providing a* 
oi l the pop«iblc f- o l l i t ien regadln ny rosofeoh work* 
Sjr thonto nra eileo duo to tht ^uthoritloo concer nod 
for owmrding a© e -Jr. r,a»C# research followofctp. 
I wish to oxfroao w thanks to W wifn iarfi#3te»kil® 
Siddtooi for her seoful arr&Mtions regarding tfco prenon-
t&tlon of tho as6tor. 
( in ) 
I t will bt an inju t i e on wp part, i f 1 don*t opt ion 
the iriaplr t i ;- nd •aoourftgtsftJttt 1 g»t from i r . ibgtiat 
P. "i<Mi<Jtli. 
3'n fine * T9W30T 53f thaake to Mr# 2fef©«© AlTl who */?•* 
the otmecript with otopet car*. 
jLaXa.t<oat tt M^ni 
Aao--.nB ( I O T A ) . 
ifedtoattd to wp nether 
Mrs. -Iwrgifeood fferfeat { 
qy f IT nt te^ebar of aatbftafctlQB# 
WKA 'At T?» SIBIlQtFl 
C r> i; '•:} r H 7* 
CHAPt^ R DM t IntrodttOtiea 
CHAP£OP two ; Ab«©iot© (niv»oMi^r factors tgr 
?4*tr«NMMUaBtrix trantforasttSoBji 
tfH'UA?^ 'MllSH ; b^olttto •ftWKtfellilQr f*0*0T8 Of 
infinite wrier* by :*>rlund ooftfts 
OHAPfcKP POSH : ibnolut© eusmbility fftetoro of 
in:ir»ite striM for goaireliatd 
iorlund i®omiai 
<Jii&?TijF' FTO ; Absolute e u e n M U ^ factor© of 
infinite torlee for (??»PtoJ"» 
«0«tnaitdlity I 
CHA?? .'-• six • ',bs©icte •wcRM.Utar fee tore ©f 
infinite eerie® for |StptaJ-» 
«a«smMlitgr n 
\2Rf~pH B 33T;$ % Abnolote eeflwgpaee factors of 
infinite eerie© for protect sethofle 
CHUPtER Oil 
l . l . Tha ooactpta of ooBwargano* and divergence of 
Infinite ry*Fien, now peroslamme platitudes of •leaontary 
analyele, t ^ o fss&ilieiF to tae t^theefttialanft of ancient 
tliaofi, l ike *%wtoaf &al%nlfl and .*rofeJjaed«a» nd alt tho 
dltrtlngaiehtd n- «h«3" 'wici^ nn of seventeenth and eighteenth 
oratory, howfrv** r* ekleaaly th*y ta&y owa to have oanipul^ted 
a«rl4M9 know #oll enou *i whether the ^rien wtsioh they need 
ewre ooartra»Bt« Bet i t nae not satil the hieto^io. tr«»tiM 
* Analyse AigobrioBV hy Qwnehy (l2j *-«• into existence that 
the Ci^ f initio as r r « fonaBiated explicitly and, without 
exaggeration, one rai*y regard the convergence criterion given 
by Caaohy no the f irn% significant atep in the way loading 
to tht *»tebllehnOttt of a rigsroaa theory of infinite *#riee. 
Hit eo*"Q&l-«d <aagohjr ooanrorgeiioa oritur ion too divided 
infinite acrri©© into t. v o-tego* ieo I . e . then© .,-fcieft poeaaee 
f inite eema in 5h* mm* of Conchy and those which fail t© 
S»a«*eee. l e t , fcixjre reiawsined a aosaatiat impalpnble dletla* 
oticc between properly divergent earlea and series with 
< 8 ) 
osoil!"tory partial aims* I t «&s» no doubt e prodigiooo 
ftcoompllete^at In tb» hit*t©**y of ^.mlyets whon, at the torn 
of loot ©ont»3pyf oscillatory »«ries we<r* brooAt within tbt 
frfft* work of rigerotts sptboa«tioal lAtorprototi on tbrongh 
tfeo notion of SMDftfeiUtjr* 
luaanbtlity ia 9 IA ftotjft gMMr&1l«»tion of th« clfea»io*l 
concept of eoaforjaraoo in tfeo ooase ttn>% tho partial awe ie 
to be roplne** by «. ault ble avoragt of i t in a oortain 
prosoribod manor, for the planter lag otudioo th t le& to 
tb® fonvlation of m rijpront tboory ©f aoBtmbUitgr of iafinlt* 
oerioe, the cretSit $©«*» jut era! JQ to Oat-art
 9 ?%>at4arff f lbl4tr t 
fioTlond and :?lee*jdnct Others -
To»t «r the ooneopt of t tmtb i l l t r eterfad on* of tlst 
e l t ta i t» l notion of otaVtrgtMt a« * natjprel j intraiitatioa, 
so *ito» anaiogtoaly the ©s»«oept of boolutc oaw»bility 
wa© twtived ee a gaaarnlitatlca of tht notion of obootnto 
ooAYa-'gtnat* 
l
*
2
* .Q^ ngra.^  yroooogoo ff iMwaob^f^r, 
ut% •: Sg b » i given infiait© mrtem witfe t^a"i no 
( 5 ) 
the set^enee of i te partial sum, tirmlly, mil the aetaeda 
of atmability belong to ono of the two processes, maely 
th© iwprooecr and the $-proee®e# 
A iwpraeeae i« /oof^onot to sesame treatfora&tloa) 
baaed on the forr^l-ti-n of ft ae*|ee»e of auxiliary aoft&e t 
* * • * ! ***•* • . . . t t .2 .1) 
where l*tfc) *6 e toeplite netr-ls with a ^ as the entry 
of i t s n-th row aad Jo-th ooluam (too (24))• 
1&ere ere oertaio other typee of ftraaefaraatioBa wfcioh 
are placed ufid~r this ©&t<t§ery l ike, 0«riee-to-s*rioii 
tooueooe»to«seriM and ear lte»te«»e*i?;ii6nee traaBforaatloae, 
All them traaefeimtloBa m® defined ©ooordi&$lyt 
A ^-proccsa ip ( a- noenee to function, or eerlee>»te~ 
funoticn tr«aafon»ti&a)baaad on the foraation of foactional 
traaRfow tloa 5 
$U) • r, •«(«) e 
0 T f
 « * <• - » a 
( 4 ) 
whar© i ifip ©o&tinaooo jjaresttotor and Mx) or $n(x) is 
Aofiaed ©*er en sp( roprl^te latorval of s , Another trans-
foration which bolongfi t© tfelo eltuso le th« ftasotiof^to* 
fqnotlon traasfofiwtioit, 
A swiff* ? an with tfco a* uenoo of partial eoao j«B^ , 
Is said to be aoocebio to a finite ocean o by n IWproeooa 
or P $»proowe If the noctaonoe { t ^ doflitfd tey (1*2*1) or tho 
function $(*) defined by (1*2,2) f«r (l*2*9>) ton** to •» 
an 
at a ttsde to infinity or, &e E opproftotui %©^ ©ppr©pBri*to 
Halt Aopottling ©» %t*» n#Hi©4, 
A mtrlt® '. n It* mid to be mbsolotoljr ooororjswftt if 
ffcjjl < • » *"«d OiDOO ©^ » ( O^ - g ^ ) 80 » ftg U 
abooltttolj oooforjwt If tteo sooomoo \$^ i s of bounded 
»•*•*« ti©a. It iff ©vi&oat tb&t abfiolat* mmmmm* irapllw 
In ftxwlo ;y with the ooooaot of ftooolete ooisvfcrgeiieo, 
tho ©or loo r ©^  it* mid to bo abeolotoly ©vjr*blo by * 
A»prooo*« ©r ©issply \t\ if \%^. of (1*2*1) la of bounded 
variation, 2&o aboolato sows bill $y by a $~pr©ooit» is defined 
( 5 ) 
e Sailorly oittt tbo dlfforenoo that in thie eaoo ^(x)eBV(/.,^)
 t 
whoro (, ,C ) i s a ouit&blo lotorv&l of eo&tim&ve T^riablo T . 
1.3. !© onll a siYOB »othod of oeasmb l i t y p to bo 
eofaerwtivo ( sad orlto *F 1» * ) If tbo confer goitto of 
a sequence »ew<&s i t s p-otrr^biii^y. the method p io 
eolled re#al.-ar < -»& «jrttfc*» •:» le 1* ) If P i» oonsenmttre 
*nd ale© i t preaorws the Uni t of tbo oeorerftent oo^ooaoo 
(oft the mas ©f tbo eoHtw^at eeriee) , 
k jrnsthod - to idaown *« absolutely ooneenr&tlfo (denoted 
by ' lc *K») If mo bounded T-ri-ticn of a oo^nenee (or» tbo 
nbeolnte c©*sww*£ettce o.* « ofsrloo) tea plies i t e mat-r. ability f? | . 
Mi&B ftorley fjjsj br*» proved th*»t a. apsthedf fssy bo absolutely 
oon<rrvr.tlV0 wifcboot bolus ooftoonratito. I t to oiee to bo 
co ted tb»t r^5!'l*rr rvtri* not hod mr: not fc^ke cr»,ro even of 
oi l bounded fw*n«*»eo sine®, no p**®¥*»d W Steinbaneo jJHJJt 
* i;sy •f(x) e Bftb.k)1 e* noun tlio f©notion l e of bounded 
T»rJ»ti-a le tbo intero* I (&»&)• 
( 6 ) 
riven §>ny regular matrix eftthoA, * , ti ere exiflto a boundod 
»*»«iu*aso utieh la mt msmbf km 
m» noooonnry i\n\ anffleieeS coaditionit und*' which a 
Witris aetb»6 i s ftfetolutoly ooaaorv&tftv»9 nore f irst obtained, 
by ^ls« fc^sra jj?Sj in 1957 audi fimcUomi analytic proof of 
tbo equivalent r<> suite were ebtelntd by Lerents and nopp (t3j 
&M anoaohi [42j • ftie nmv»nmtrj and ««fficlfiife conditions for 
a ^•ijrooess **© be oonserr.:' titvo ©r absolute oorir^TTmtivt b»te 
also been obtr^inod* 
A oetfcccS . 10 e&id to bo iaelttded l a anotber method C» 
or i@ mid to include :.'» *rit..en eyatollo&llyt ? ^ Q if 
•very seoneuo* smnable by the sae'vhod, *• 1B AIBO «uawibla 
by •% -&«fi ;• is luoltt3ed9 la <:• #?.a4 C 1& InoluAeA la P 
we ouli t*o$fe SV- aetbode equivalent ftftd» write ?^ : '» *&e» 
p ie included i s * and tJw# e&ieta i* tso^ isoiso© f^eiofe lis 
aana&bl* but sot •anre.ble ? \io writ* PCC. -?e «*• 
the olaUnr oooretttioae for mbtsolnte eisnneMl ity :aetftode« 
ow ci qeeetion wbiefa evolves i;; the oaee p C C i» t 
G»j& a neqeenee | f n \ be found nooti th t £ r.^ e^ i s ouuattble 
( 7 ) 
f ofeoatwr t a^ In iswssatbto o. flse ••qaonoM \®3 wbiofe 
n a m r ill© ob**« QMotloa In tt*» & f f ^ » t i v e sro on l i e * 
tovnftb&litjr f^e$ere»£r©» a to ?* sad, wo 6@jaoto Booh *o<p«nof& 
is*® «** oonslofer o-ly ^baolultfl- sensibility »ttbo4e tbo 
•O$UOJMHI Cn its o»ll«4 t tfco »»ba©l»to wwaabilttgr faetoffo* • 
!i#e@ittljrf a »*r ooaoopt of obsoitt* owsubilitjr bat been 
ftttvlopoA* mi© in too ind*x«d abaoittto atambil i t?, Siren A 
•etbaA • of ftbaolato fftyn^blllty, lot ( tQ j be defined ae tho 
aaeoaaoo of tranffoi^fttloasof a gi*©a aoQBoas© 8R (oar tb« 
aaoooaoa a£ partial mme ®£ tfoo aorio* £ aQ) by tfea rethofi p. 
•Thoa «o oail tli® aorloa s o^ (or «fa© a©*t*ieia©a | « 3 ) 
aanaabta by i^|k» or oboo|mt«ljr earamblo by too 3t#*fea<t ? 
with iaftox Ir I f the following hol&c : 
fe4 k 
Rar k * I f this iadaawd nothoA JF^ roAaoae otsply to fpj* 
<«oo [arj) )• 
( 8 ) 
L4, smiA rtgrtia immttt wiitafc* 
5 fbt trtWBJtamtloft t f t of (1.2.1) 1» 
the special eem in «hftdh 
n*e*fc«i, AMI |( ) / ( )
 f k $ a ; 
• 
0 # IE > a* 
V 
retffcoep to (€f«)~1rtuaii»© a,n4 ttui atoolvt* f^iasability nttboi 
aws&sist*^ with ttein tr&»©f©tti Is or I led abrolot* Gtelr* 
>bility eM»tho4 ©f ©r#sr /^ « aei»t#a t*y |0#a}« 
Xt S* ©Ti^tat that (0 to) Btthod ie the mm m c o a w f t M t 
ant fc fej ie the M M an absolute eenrar^ace, Bor©©wrt 
f&rtfctf* i f «• taac« t l * M^WIHOM jpm> aa& 1^1 iwjsete 
that 
* a * » • • » * • • • • • % ^ l " » . * • • 
( 9 ) 
then tfeo trftfttforattloa ftftY of U.C.I) in th« upeclal 
oo&oo in wfeloh 
(Ji) o,^  
and 
( H i ) ajjjg • 
, k > n . 
:tt i k i » f 
0 >k > B 
oorrotpoiia to (%Pn) » (Bt$a)~ »•**& (33»p^t©^)»tranofor«» 
roepeotively. ftet abaolttto etwmliiiitgr eietfeadto oorrespondlag 
to fcfeaso tronefonw «ro eoHoA !%Palt l^tS^I &»* MftPatQal 
Hwnro ir« 0»o aoro method «ortli faeafcieniag in fcho category 
of iwproeomiM. Solo lo f u l f i l | |®J» ffPffafH|||g «•*«>* «*1 
i t in defined lo ;he folio ing oay t 
tot )xJr bo »n arbitrary eo?ii*oa©» of potsiti*o noabere 
( 10 ) 
fiuA i f * > e* \ i * < \*f t b # t t *• ***** 
t k 
X^t ^ ^ o * 
We further write 
£k)(t) • x 4 ( x )» 
rbmn **** S '(x) is ealied the Ri«f»« ne&n e* order k and 
type X* :;« o l ' tfee infinite «»*ri®g r «L to bi ?bPolet©ly 
•anmble by ' iese »etfa©d of order k sua type X i f 
«* (k) 
/ )d €^ (x) | < «% Is > o. 
end we write •> : • - , ie jRf X#kf--eii!wii!>le,# 
{ i t ) 
It ie net difficult to am thr t |Tfntfl{ ID tfee mm 
*e |Ct«| in tfae 9©n*t« tfc t both the c«tbodo re ec.ulvalent. 
peel; I $«a*tho4s ; la fcfa# aptotnl a&0M when 
HtlMNIMMMIMHMMMMMWMi 
( i) $>u) • (l«*)„ *ttf o ^ x < 1 , 
(11) ><«) • [l («)} **. *l*l/C*»*)t • i * < 1 , 
wb*re £{x) • log ( j~% ) , fch« tr^metera #(x) of (1.2.2) 
y@doo0« reepeetiwly to : 
«e (•) vtrftanfora X £.(*)• (1««) K «s_ a^ »e<x<l 
&n& the pbr^ olotc mnmMltt? flfttfoode ':?,sedois*t@fi witta th«e 
or* kswnwft «6 nbeolttte Abtl and absolute logrvrltbnle «o«ta»» 
bllltr awtbodft, **nfe ©f ttte*9 swteode are rs^l^r (eta 
'«rdj [all) *'«d absolutely refttl&ar (*•• J4a**d [4| aod DM [15]). 
( 12 ) 
13 . %m .j«*Ht»|B| Sfl»WSfll fcftfftg BSrttl ftWHtfi 
She •orliaot dftfinltioft of any ftbeolato 8w?«bf l l ty 
win tb" of !
 t i-ftuooWlity# &ivLs&tt#t It m® introfiuoed 
by ^efcate p.8] but for it© sttidly in oonftlderabla detail© 
©re&it ^oe« t© ''ogbatU&nts \22\$ wta® preTOd fcb-t 
( i ) | c , « | c h'V it for every t > a > - 1 ; 
WMI^ ( i i ) in sjonirftl, | 0 # « | $£ |C f ; | U :; < C aaA <0 va)j£ l<V I 
far > e« 
'egnrdJa- bel**t swtbod of abaolota mnaBftfeilityv i t i« 
mtmnt t l r t |- |<c:( ) f aaft in amtoggr with tfe© classical 
Atwi't thaorea wa b»Tt » renalt that j0 # ©|^ | A f • fafcata [i9j 
gaaar&iisad trie renult and proved $tm% X \0fm\ \? j honiivr 
l&?m a C > e) *--ay be an& b* niao eotAollahaA pa avaaipia te 
prova ttw.it \ j ^ i$»al hp^erw ts?gs e(> ©} nay b«, 
Oenaerniag tbe metfeotSe {A) and fMt *J»BR4 [4] (e«© also 
i:«s [l*Q ) ha.8 proved thnt p { cr ji-|# 
( 13 ) 
3am of tha useful lneiuoion r©iittiona vtidtih art known 
are rtpreatalaa' IA tha following enoitt 
cr|B tu* M l 
I 
|S f ~ ~ |C|C t«|<2i.C tl | 
m l
 (o<®<u 
(;>x> 
siacm th* e e w p « i*al~ti~B8 la net holA, tb« mitral q««9tion 
ariaee A« to afe-t suitable aaontaat of f»e$©rs my bo EJUIU-
oliad with tfea tara* of * seriee to eniwr* tfo® eomwraa 
r«ii>tlom» Tha nffirap.tim «uaow«r to the above sentient* 
ooteition beeoefcs sore abmruag i f laataa6 of restricting 
onaetlf to the above apaoiAl abanlBta awnabilit* mtbo&i»v 
aore gtatrtl natboaa «r© taittn into oonti&tr^titn whiete. my 
ooittf%int a® especial cntOB, a l l ttoa abovt saeoiionto' mihooe, 
l a 6 , ••'« at*o$« thiP ttetion to Ifet aptodta.ta collection 
of tha work &om on the problem of oboolot* e«»fmbili$r fnctare 
by vsrlm® arrows:tioians which tea j»«:\!$>«i«<3 tht jmfciam 
t'-ekitd in the f9©b#©g«©nt ehaptere of thle tbessia. 
{ 14 ) 
rb« ortdlt of rinftlAff th* absolatt stwmMlliy fee torn 
by Cesar© wwiae of <Jiff#r®nt Integral order §»®e to a»Muaqa*% 
QQ wfeo in 1945 proved tbe tel levlag *«*© tbacree*. 
B;£Cf"f:S 1 ,6 ,1 , If a and / are integers! aiafi 0 £ a < t-.-9 
mQ&BB'Tf and mfticlast eoaAitioan tfot >; aR t n oho old 
be ettombl* ?'••#«i» wb«nev«r •: aB J* tunable {Cfv j,are: 
( i ) tn - < n ) , 
(a ) ^ eR» c < » '"). 
If a : 2 °» ^ * conditions wft 
<!)• €m • 0(1) , 
U i )* /^ € B - 0<» ) • 
TmsofiSM l . 6 # 2 . If e «afi .'• c 1 inttjsrt and 0 < a < ; t 
nee»w*y tog miff lei® at o©«aitl ae that .: a^ efc be ©»wsebie 
)C9a|t wte^ »»ver J" a_ 1» eoiomble |€#MU pre 
y. • • • • * ° " , l e j < - • 
( 15 ) 
*%n& 
•i a 
Cteow fl'SU ir. 1954 provtd tfc© ejorvicgotilt tbeor 
ODQisiderin'' the c^wr© O»IM» tn of tbe ©©©eotse* l a aJV 
ana the Wereaon© of (if* e_J inote-'A of (€«.)• Bi» %w© 
theorems «re ^e follow®. 
;?H o«*&: 1 . . 3 . If © j£ cs £ ;? <"»nd 2LJ is © aortattneio of 
poai~l*t miaib«rB opch ttint I n 2 ^ > 1© B9D»lnar«A8ln$t « 
ase«rt«r:rjr« «5 sufficient conditio as that •• ^gfn •hot; 14 
be sewaHe j - to l whossvisr r a ^ 1 *a I < * ;>r© 
( i ) t n » '• (nm \ ) 
-31 - - I 
£ii) £ / ( » eQ) « '''(ft 2^)« 
rToO'-'.^  1.0.4. If e | a ^ ! «| > o, mwec: >.ry a ad 
•officiant conditioA0 tbnt z m$f® »h©wXd ®^ witrmM.© 
|C t e | iriMMsmr t^ L • "-'(a*) «r» 
(i) £ » le j < * • 
(16 ) 
(U) n I A (n~hn)\ <* 
If a > ':' > o# tb# ooaAitioaa art 
(!)• » l«Bl < - ? 
(ii)1 - * I Al^eJ I < •». 
u=t*rt os .ncu©t HBA (Jhow [ i l ] established fthe foliowiAK 
theorea tjy stewing i t s oqntwleAae to rfe^ oroa. 1.6.4. 
mr-'jO*•?•»! l»6#$. If a 2 •*• • 2 °» ** 2 °» a*cte**ry and 
•tTfieiftflt eoBditioae for " Rn€a to bo snosaibl* | c t « | 
•toerrvwr :•£ » Cn^ ) are ; 
•e**p 
( i V B }Cj < » > 
(i)b n )eBl < " > 
( i l ) a | A e a | < - # 
"lase %bi» dMonotrfttinn of ^©©roia X«t#5 w»» circuitous, 
involving tb© yrorf of a flaaber of reraltft which wero out of 
C IT ) 
coatext apparently, 'j--U t>ni -hm& (fj*6]f &7]» [5^1) i» • 
^••ries of tiro© popere and 4lur>A [ l ] etjoeeeeftally &»ner<fc» 
llae& ufeis tboo~«K l a the cas* of rsorwaei^tive a ntA f, 
by repi*,eins the »«^B©B©« ^xPj [31 o, If th® niAer ©teee 
of s t r e i M H fXpj t where I^jjj i e a saoa&tei&e «©»-Aeor#apiBg 
n®st!«ric« aa& b^ si^t»::r a Alxeet aaa ©ftrmijbt forward proof• 
*llS*i& [ i j p?*<jV«3 %be f o l l o w i n g t t t o r o f t , 
tv-or.'J* l # 6 ,e # If t«t 2 ° t *se©es?e«»r:r *.nft •offfcelent 
eoxidltiefla for •" a f l t a to be muarfible |C#fj» wfacnovwr 
H 
aotwdocronsln^ eeotteaoot ar® t 
( la) :• R~ ieB | X^ < - . 
(lb) • a x^ | e a | < - , 
( i i ) • R ^ | A * » ! < * • 
r?oe«ittty 'tuned end ^ o n f/J brve getterellzed Ifceorea 
1.6.4 for Absolute s&rlaafi ewxmbiUty, by repl«;«*af 
!••'• - bjr |*?t5LJ» '^ J*y jiroved the following theorem. 
( 18 ) 
•0- 'M 1 .6 .7 , l*t a > o nnd to t f p^ l B acm-
n«#xtivo npo»lner€)^ «ing ?*wiit!ioo molt tb&t iu > o and 
i1*""** ?B1 is bocj»&od ( far a 2 I ;;!i* &9»»dod*»8© of In"0 ?^ 
i s putomtlor-lly ea*;l'':fl«d)# Then* tfco mceeorry and suffi-
cient conditio r» fctv-fc the sorlm aK®» •&*>eW *^ oaaemblt 
!^»Pnl wb»ntwer t* • "C^t »• n -* ri% wfo«re J ^ y *• ® 
posits.^ © aomtoaie eoJwdMrefislng sonmuiBOt «r© t 
and 
( l i ) ;. n X^  J A (» €a) I < «• 
or, tfHj.lv*i#atiy 
(ID* a ^ i Ae a ! < 
t'or « » Of tot result ir- fcrnt «ritteo«t the hypothosi* 
df ba. ndtdntoa of jtf** pftl and then tb® only nocoeoary 
and mfflciont condition 1© ; a** 2LJ e j < *». 
*%bapiitr~ and ''** [321 bfcW obtained » gtooraUwittioii 
\ 
( I f ) 
©f ?%*eren 1.6.5 fc" lower~»«:-l-rYitri* *ranaf0rafttlofl»» 
'£fc«y p*"o*»d Vm roli©iflaf two tbeormM, rib;.eb together 
general! • • ihooff«» l*6«3« 
secfe tbat 
nfk 
( i t ) Urn I*-*- * I Cfe fixed)
 f 
da) , i ^  < W W i - « » i 
nntfortfljr in a » 11*'#.•• . ?**» &»* »«te»r ry e&sdltioiie for 
{ ! • ) (Xj / f i ) ! (A«) B I < e t 
are 
(n) Oe»)n- olkjn), 
C m ) 
Ptar the tetInitiotm ei v^rloua tara» ur© refer fee 
Obftptw two. 
SSI :•.<*'-J„£ 1«6,9« *** tt'.e aors&l atfttricta £ an<3 B satisfy 
hypotheate ( i ) 9 ( t i ) (of ftisrtci l«6«8) «s§ th> following --
sualfars&y la n » 1*2*••« • tbtn {*) ael (vi) eooOltloiui 
(of 2b«er«a i»6«ft) *re »«ffloi*nt fer E xaCa to b* ttHnmbit 
i£)| wfe*ntwr ( I T ) bol&ft* 
In 19669 L.©te0.p&fcra ottalatg s i I wnaekttlltr ftfotort 
i s trainltioa free |®9&*«t U 1 *») ®«®»fei# CMS* 10* to 
|ft»X*ii ® Giambi© wlBtm Obntrvlng th® mnlvc- l#uee ©f 
P""#iM*f and |C»a} (a ^ ©)• &® ftotttfilljr oWaintd tfee araM* 
bl l l ty teeter 9 ift $m»ifeio» £r©s :09&j ftuaaabl* ®«ri»«§ 
C 21 ) 
tyfcfop&ttrtt (31 j provsd U-M following ttoserm. 
2Hor ;; 1,6»10# l it Ife* se^easis 1^1 aai Janj 
•fttiaffy te» following 
;Wl * Si * "a ? 
Mm tbt tmmm-ty mni, staffioisttt aoaditiooe ttat •^sJ'fi 
tibQQltii to* asflosbl* l^tXfll whefltvnr \ %ft in et*»mfei© 
t f t « 
sad 
!*«^ h&r utilised ftbt ids* o? iadsx ©a e»e"r© scatifttoiiitiy 
( 22 ) 
to gptta-ftllae £!**•?«© I,&,!<:/ In tb« following forts (o«e 
;.^atj^ [25]). 
•ritKO:-^  l , & , l l , t%9 ns corner y and inefficient conditions 
for the mrloa •  m*fm *° *• •wmblo |KtPn)t wls&a&iHW' 
K as i» HBBWDIO «C t«L t a £ Of k g l , a r o : 
(Ua) I n ©n j e f o ^ <• i X, 
-i 
j K ' p i & 
(lib) 1n ' < •*) e ^ e *'
 # a > \9 
i 
^ n 
& 
w!*@re ( a ) p n *^ f < * W l ' » *b* % * c l?^(»l)l »»• 
(©) ? a » ^ a a P a ) t { « > I ) • 
/ t the a^ac t in t v.*.fltfr roplreod sesrabi l l ty |1^pnf 
J^? h?tPftlt *•*>* ^ e r«wrt.t aamlo&oas to Ttmrtm 1,6,11 i« 
tho following (»•• (26})• 
mT.r-S} l#6«l2(?feafe--.r [26]). 3mppo©# th*t a i s © mo-
tm$r-%lve ltibew ?nfl t'rat jp 1 la nonMneg^ttw sn& a»n» 
c m ) 
obeuia b© ouma&fclo IKtp | wfeeiarf ;., a^ 4« sswwtolo 
|C#*lir Ck > 1>? «r« : 
*fs 
3boar«B I• 6*12 of is&otwsr also gta*rftli»*6 the following 
thoorae ©a tmnsDalo aonnfellity !'•• et©rsf am® to £&«» .^ tvntitftva 
and PotepKtem fill* 
?a*of-i.« l#6»l% ::^mm"Tf nM avfflcieikt condition* 
tfe t ftBCn should &e ouatsftblv j5# jgW | whonmr 5-. a 
$3 msmmble Joflj,«re : 
*B * o <» i©s &}, 
A en • M « }. 
2ho following rooett of i*«y*r isfeoff [4c] is. sin® north 
orntioaiii? «t thin ®te<it# 
< 2* ) 
i . 6 .14 . %• m&mm -rjr m®& mttictent oonditioiw 
thrt : A„C_ dheeld be eowmbl© iC|si» • i 8 i 1 «toent*er 
»_ is annenble r« t l | art 
«-4 
CD € B « -:(n ) , 
( i i ) €R • ' (a ) . 
?.;'*rtu»r employed a result of unouohi [42j *nd ttse abeolate 
re$»larity of '.ibrUuad aeeae to generalie* ISfeeorea 1,6.15 
(lfe®f is-iffr.**?** MI* sebepetra QL?J) &®& t^iee-rees 1,6.14 of 
Qyer istiott [40] . J.%efe«r [2f] precisely prowfi tfee fel losing 
Peeress. 
?l!:xy fi¥ 1,6.15, i«t C t^pjj) fee a» afceolately reader 
settled, let 
«• ^m>l«k ^a»k 
P ^ j — •• - • „, .,,{ < c f for pill k > o, 
Then the neceeasry and e&fficUnt coalition© for r a . e . to 
ft B 
( 25 ) 
Oonoerniaff %!*• p?©4»et ttthofe ©f oboolato ftMKaAllHjr, 
( •» call th* eerioo '•: a^ -© be ouacftblo j("-:)(')| wbr*« p 
mild " »ro two ButSBobility sj&tteods if# *&* F*te"*flBfoni of tte 
:Vtrftrwf«r» of tho n#nt«M»o of portM ottao of • » 18 of 
bouadoA *wis<M©fO ktohftpeitro f}?^ fer* proved tte following 
•?i.u'0' c.& l«6,16# i«6 th« flo^otOM ^P t t\ s^sirfy 
toJ < ** 
a 
toyi - o < i - B D . 
ISP*©1 
'•, e Is ttsanblo j(ft»p) (8,4)) i t i s neeoeoary and mfflelost 
( 26 ) 
thnt the serenes ^?aj sat isf ies the following 
*« shall oonaldar she thao-eajs of Cbes; (-iSbeereit I .£.3 
and 1*6.4) for cow sjei»?vai method© of absolute euassability In 
the f irst t?*o Hipptere, chapter ftio gives a generalised w s l o n 
of theore* 1.6.4 for l*wer«»e*fli«flrttriac trensforftatl n while 
chapter three contains the extension of tbeorets 1,6*3 for 
absolute HorloM eu inability method. 
In chapter four • Masherfc theorem (HieereiB 1.6.15) n»e 
been genar&llsed. Chapters five and six are devoted to the 
Gullibility footers in transit ion froa Ceser© tstthod (c?t«| 
and JCfOJjp to the etmssbillty |-'''?fPteJ« It wil l be found that 
rhe©*e»31.6,10 •> 1,6.14 «m contained in the reunite obtained 
la chapters five nail aix, 3OM turn results are alts© obtained 
from oar taeeraae. Finally, In the ia«»t ©hupter. we teve considered 
the absolute ODflVrrgenoe factors for the product method of 
obsolete sttSErmbilltjr ^uch t on one hma& so stains sons known 
results and gives a new result on the other. 
•^i/.pJJKR 2*K) 
2.1. „*fl,#t:ony Z2i StfeMSg 
lot tbo sp?>o* of o i l ©oaplas: »©quoric^e s « I » ! for 
wMch ;: |« * •-. » be doaotod by L , .let tfco oonpoaont* 
Srl8" pfcfiQCt Of tw© &«*f»Oac«« y ft-Sd ® b o dOlSetfcd b y y » , 
l^ ot A » ^ai^) alM* ;! * ^ ^ *** t w o ® r a a i iirfialto as t r lc to 
l 0 o , lower«oeei««5,trioif« taring aoiMmAltttULiig d logon*! • , I t 
If: well known that orery norml ar?.tPlat #» boo I t* t«o oldod 
Into-so Af » C' •J3ac> otioo i s «ieo flora*l (ooo j l 4 j ) . o 
dctoo&e by m tho jwcrontfora of © oocBoaeo «f a© 
(
"
S ) a
 * | p * • * * • 
lot ;>* s E bo a given infinite oorioo with 0 » l8aj 
W*0 
as the eerooaoo of I t s port lo! mm» *2fo© given 0 or Ion Is 
©c,.ld to bo f'bsolototy aotmmble by t * usotbod A, or e la ply 
oroneoblo | A | If 
(A»)Be iv i .e. >: K A B ^ - C A O ^ I < - t 
( m ) 
m mmui^U tm otbw aMrieee with 4» miwly 
s 
a,is& 
V> * S o ' 
w» also not* that 
and tb«r«f^«t 
{m)n - C ^ W 1 ^ <** • Vltfc* "k 
• r. a ^ ^ - C « ) n t 
uitiefe r«T@al« tiw.t tbt Mrt«* s s is fl&fsatblt |A | I f 
OP© 
A
 0 
( 29 ) 
Sor a sequence e * i6„(. w» tsrite w 
<«>n " ^ H a «k ' ...(2.1.1) 
whenever the ser ies ©a the r i # t e o n t ' { N « A1 • C**^) 
beia«: the tiro sided Usverse of A# 
'% further denote by f * end » « the following sequence® 
€• * 4C^1 where c^ 
0 ii *» ©J 
W X *B M **»* S ™ O t l f 2 # , . . 
2 #2. 
•» 
Oiven two absolute Ceaero method* |C#a { ana |C t j t this 
i s known that f€t«*| cr f"V U whwaevrT »i < a j % ?tet, i s 
general, thifi inoltiwlon in sot t ree (see £22]), Thus when 
•? < « | the attentat t© look ©et for Absolut* e w m b i l i t y 
f^otorp in transit!r>n f^oa JCfsj ©usEjabl* eerie© to }Ct; I 
eunoeble se r ies is sui te plausible. Hie e-irly resu l t s in 
( 50 ) 
t&io dlr«otl'>rt were th*t of uoo'-aqtitt (»o© Tbeoroa 1,6,1 
aod 1,6,2 of ebaptor 1) , l^tor ©»• ttw r*:-s*ult« woro 
laprov*6 upon by Ctuew (llaooreai 1,6,3 &n& 1,6,4 of oteptor 1), 
"'laco ttxoa* tfaore hfts be«a * mrlety of goaarAliitttion of 
tho re«ulft« of :)h»w mainly in two fnrw t oitiho tfeo •uswnbllity 
}cy 1 »•• ropi<"-c*A by nor© 3»w&rr<.X soUiods o*^  tht eoouofieo 
«a c } mm r #r>\ *\c^ d by a srldter olaftf* of »©qaett5«», 
Iho following two tb^oroae ahiefe *t h e v totoblioted, 
together sonarslloe » rtsa l t of ctoov C3i«oy<M 1,6,4)* wo ettall 
ffxplala eer aeportioa la sontlon 2,$» 
2,5, ifcia roeulto, 
v'» etmll prow th« following tfc©or»B» , 
tHHDRafi? 2 ,3 ,1 , Jgt f- asg B bg tw£ QGrs^ aatrlooo 
b ^ ,> © (a,k • l f a f , „ ) , . . . (2,3*1) 
*""* Kn lW»ta>l-'-<l) * ...(2.3.3) 
Jon 
( 31 ) 
galfpri&y ta n « 1 .2 . , . . . %en *j* mmMUL SftBttMMBI 
t j j - ( ^ ) a • ( a* ) , . . . ( 2 , 5 . 4 ) 
r1*" I <*«/•,«) e j < - , ...U.3.5) B~ 
S3 
i B^  j iM*)n I < *» - . . .(2.3.6) 
ml 
•mmm £.5.2. j£t g t gor* ,^ »frjg« f 2tt » gfftfcg 
(2.3.1). (2.3.2) a ^ thg aU9f f t e t 
bafc i V < © < * , < & < » ) .. .(2.3.7) 
^ I '^te V • ° ( i W ^ > • ..-(?.3.») 
fafrfOTfty m i" « 1 .2 , , . . . ny»n (2.3.5) fefcj (2.3.6) art 
»^f teleat conditions for i xfi tn to. be aggcaiat HI 
<feeatypr (S.3.4-) holdr-., 
( 32 ) 
jeaark. s-i«e« (P e ) - c*»n only be written when fcbt 
• r i « e oft the rlt-fct of (2.1
 #X) ooBvergeev no it is a»oir«ibl« 
t© ©heck #featfe#r f ^9)R I* wwiiiiiigfW aaa©? tb« hyp©th«»e» 
of oar ther ie , "•© !r**e» by utlag (2*3«5) atta" (2.3.5)# 
J k l*ik *'*! * n*J, »",|*,*<«»/*aBH)< -. ...(2.5.! 
whltih mmm (<E*)B Is seealagfal* 
•* thall nw4 tfce following t'so Itesfts for tha poof 
of e«r th«o7-ew# 
li^ KA 2.4.1 ( jJ3]»I««» 6). j£ i ( ^ g££ jpfl} j£ 
Oftasaeetog b£ ttef rotation ; 
« r s « au • ••.(2-4,15 
conditio: th&t - )tr_| ehecl.a bo eofflr»rg%flt« jgfaoaoTpr 
8 n * CD. fc 
( 53 ) 
i»«t 
miA 2.4.2 ( [ o j . ' ^ a a a 5 ) . ££ ^ } afig \u£ bg 
«* 
SSPI nf» 
tt^ (#»lt2#...) • • *\ «.•.«? / 
1« 
•* ' iw - • 
•*• gft^f Si BZ BS2£SR« 
i£8B£ t£ iStHtt *•'•*• 
?.<«t us *9rite lor n » I§2».»» 
m A 
k p * l 
^ ^ e k « C adt))^ 
&»ti thou 
•> » ^ ( a e * ) » B(e» • ( t ) > # 
( 34 ) 
wtiero t U» tfo» sertuftne* witfc tft • (A*)B» 
"* tevtt 
(»(*)),,-Ji\lk('(t))kc'lt 
0f»yt wh«r« 
',4*®*''* J r ' * v 
- <fc * *•- — TOW K& » 
ffl ty, ® A 
a V^  
s
»t* * r<l* £ *** «fe e i * 
f by feme 2.4.1 # • n»o«#®«rjr conditio a for *„«„ t© Bra 
b« sane**!* }V'Jf wk^tmmtr (Ax)f l« e(«F) Is t l»t 
on 
im\ 
( 35 ) 
Ihtr •&**•# 
©rf 
*3» ^tW>X 
whiefe le eea&itiott (2*5.5)• 
%r tha o§c«e@ity of (2 .3 .6) t «e hnv© t*y I#nE» 2.4.2# 
* . * . 
f. | J' S I C ** , 
«» •* n A 
T*X w l IPT 
or 
* '» WB fi* A 
T*5 | . a» e l ' *W I < - t . . . < 2 ^ . l ) 
.;,ti© ch&agt of order of so^ssstion in tfe# afeov© « t r l t » i» 
9» | \ 
b H & : - l A l a *W * l » . . . (2 .^ .2 ) 
( 36 ) 
wfciefc mnm that 
a4r s4 I;. *«k 
I s §&0olat«ly ©oiiwr®fesfc fteuble w r i w 1B Vltw of (2.3.1) 
and (2 .3 .9 ) . 
.•"Kritier by a* lag (2.1,1) and (£•$«£)» (2.5.1) can be 
writ tan as 
ahlah 1« Qoiwlltieii ('£*%$), 
thi* cota^lotee tiic proof of ^ier#as 2 .3 .1 , 
ffgoqf s^ four— 2.3.2. I t i§ (sufficient to pr©*e *&*t 
• A 
*: j ( B « ) j < •
 # . . . (2 .5 .3) 
*b l& ie •«Hti^l#Bt t© |s'-©'V» 
> I ( •* • r* >• *W 4 - ®i>I < m • . . .(2.5.4) 
( 3 7 ) 
%» l«% v-9 oofieidor 
P l M r ^ mr * » » * * * 
«» la. • A 
< i.i i ?• T*5 i: b ^ s.L e l | {ming (2.3.4)) 
* ml r-l *»** 
c K ,'' T« /: f I V afc «t I 
r«l «w IMP 
A <*» 
1 LUPT ^ toff * 
, r« L% * V H J * . . . (2.5.5) 
v>l 
e--y. '»«» 
< ,'• r^ | (iSM- i < ** • . . .(2.5.6) 
fey (2.1.6), 
( 38 ) 
aJfn©rt# !.w fa&w 
r^ ':'^ • >; r f? 
rmt 
«r» A 
x • * • ««*• ^ «VI 
f*tr f i \ r J («*l«ff (2.3a)) 
,r?-4 k 
*lJ J^ ^atr \ r 
«» 
.«Ht < II k ^ * | e k ( W ^ ) i (ealllg (2.3.8)) 
< «* 
. . . (2 .5 .7 ) 
b j condition (2 .3 .5 ) . 
lt f inally 
w /., r ft 
r»X ** 'i»*»l 
r«l 
«* 
< V n »« i: !#• | }«* | v. ( W O 
A A. J 
J w • te ' -k ' .k * • * • » < 
( 39 ) 
«*& r 
,«i 
r»t *fr"j 
~\ 
m
 <Ht 
i f'-
 % k' i c k <*fcfc/®]&) i (»»nig Ca.s.a)) 
* » 1 
<£ ** • • • \ * • j •** }, 
by ocmditi n (S .3 .5 ) . 
In ?i**? of (2.5.&) t (2.*i.?) aad (2.5.©), (2.5.5) r«ve*l« 
thro&jfi (2.5.*) tfcat 
*• 
*s*l 
! C B *e)_ j < «
 # 
:.M® ooopl9t»£ S&© proof of &agre» 2..>.2. 
.6. AftgM .^lfr1!* 
wn o te l l £p.ljr car theorem** to absolute) Oe^nr© «j»ft 
»Is® ?lu to bar no nlc eo» *©t l i t y. . 
'*1x© Cwiftro a^Hioi (Cftt) ocyr:'©8p©j»is to the c*>trlJt 
A • (ft--) with 
BIB 
a. mn 
t n > is t 
where A* la glvtn by tb» identity t 
U - K ) 
- e t - 1 £»•. (!«! < l )• 
OP© 
Its® l iwf l re* eptsri* (eJL*) *® Bi 1*** fcflf 
ran' 
»flt »-NK,,,UL 
SMtt 
^wf t (• i » i »)• 
f ( Q > B ) • 
V 
OB t\m •»»• lirsm, for- ©jjy ••TOMMI f * fen* t 
where ^*Ca i» the «*th differ «m© of $C^ • 
la vimt of egebatftl&nts ldtnUtir ([22JJ ? 
( 41 ) 
m< *l - ° L L > • Zl • 
w&ere (r &»& X #«?©# ^©sptetiwiyt the i»«*te, c«®«.ro 
•eeae ef etri«* .. x^ sad the ee-uoacte r^a x ^
 v the absolute 
C«c>r.ro soRFfehlllty ©f r. xffi Is gage ae \ t ^ i ^ € t%. 
making into otaaidtretleB tba atsovt faett «» tww the 
following corollary. 
Ovrollary 2.6,1. Jfit * | M *'• ^ H ^ - t*ffP£ 
(;--) 0 i a • • C cr - o , l f 2 , . . . ) . 
J&jt flu mmwm ang ff t f^lff l f c^a^^gLf: | f e | 
JStf-' 
* t » 
( i ) a J«_| < - » 
ggfl 
*» ( i i ) n • | A <«* t j ; < - . 
( 4* ) 
E > a 2 •• fit fo^ifeiosg a*£ <M> SSft 
«* -1*0 
<i ) f at f€J < ** . 
?roof« It ecvB tee <afotolt»4 oasi l j wooa^ tfc^t tho 
oenAltiono of our m«or«w8 g.3.1 &M 2.3.2 are aotlefi*d# 
mam tbmrm 2.5.1 pr©vid©s the mmmMp pnrt while 
2ie©r«® 2.3.2 $!*•• **** waffle i»ncy pert of tfee ct<rollis*y. 
Hoasrk. 3&« thtorttfi whioh **© h©W ostebllohod **»• 
to^tttwr SMUTCH g« tbe t&«Ksr©s ©f .310* p . 3 ] ('ifeeerra l.fe.4# 
ehcipHr I) for a and =": tm ta Ooroll/ary I . 
By taking jsj • • J tt» - ^ i* ** feftirfs' ***• following 
corollary for ebeoieto haraoflio ©un^aMli^r factors. 
<*g»ne*T 2***g- H i > •• JSI8 r *a e» is. **»ittfriy 
fcy,m*g s « m t gsgitm *£• si*1) M 1 2 s a M 
a> m<*l+ 
<li) ;:. n j ^ €• I < % 
»»1 " 
..m^iiru sm^au : 1 ! .m -^.&> or IIIIIBX^K 
•i'^-ws iff :mmm; ir&caa 
;#t v, « &© a gkvw Infinite aerits sritfc [e^l- a* 
tfe* M"iu*aee of l*e partial earn* J*t jpa \ &® th» ••outoo* 
of ooi»9t3&t*» reftl. or e<g>fipl*m# ©cell taut 
;:3 ** p a " • • » * * l t -»£» . . . 
A«flae« the 9e^ueno« Jt"B\ ©^  'isrltiftd aaam cf tls© ter^iee 
;•: ®n {»«# [35] t |42]). if {ra]t w u if 
I P l ' * , | P * 
H>MMh«MMP*«4l«MMAM i»iriwiimii »i • ! • • ! » 
• R denotftp t h r ^ ^ o n t &n absolute oojatant, m>t n«c«« w i l y 
the ftwa© at «?':-cfc ©cw r@tie## 
( 44 ) 
fcfeon > &n fe: said, to BO absolutely ©erasable U'itPa) or 
Si© neoeea-ry And oeffteloai couditloa© for tho rogo* 
Ipjrjfsr of the f»«bod (KfPB) (*«o [23]), «*© S 
P a « 0 { Jrfli ) , . . . (3 .1 ,1 ) 
mat 
n 
!%! • ( l P f t l ) ' . . . (3 .1 .2) 
>o obeorYOt fro© (J»l#l'» tfe?t 
ltn$ 
IS "• • • 
^ 4 « u» ( i - -1 
p ! > • * # » p 
a - n 
. . . (5 .1 .3 ) 
•••• dsaot© by t^t *&• »»*»• Co»»© a»an of ordar > (> -1) 
of tho ®««u©ii©e l a 8*^ 1 » flof mod by 
- I a -4 
l a tho spool*! oa»e la which 
*-• pn m & § e > - I 
II 
( 45 ) 
©r, 
Pn«»( «*!.)•*• ? n « I • | * . . . * (m-l)*\^leg n» as a - % 
fch© (Btpa)««fina rednote to {C»«)-»a§afl ©r hftrflQi&o mim 
respectively. 
?©y a given NflsiMt l l l»y 1W! * * * * • 
A0 • » • V AssBfi* W l f * * ^ * a * • Ar*B<S}» (r»s • l ^ t . . . ) . 
a 
provifttd the s©?itg on the rift i t oo j^srmrge®. 
•03* P B! Pnt *** Wi t* 
• > /L. ( P _ ^ « P - «..«»P_ «.©— ,1 . 
yj«© 
1B Chapter 2» •»• fr*v« glvtn .-* ^fMraliar-tion ©f » 
•'$h©©r«ffi of v3b©w < :.&e©*i#is i .6.4* --JL^ ptKT i ) # ;io* v© »$&ia 
( 46 ) 
5©«©raU»« :iM»r«B 1#6.3 (dMp««r l> of Chow f«r o < a £ ;-
w® shall ro^lnco tb* samssbility |S fej of -:.h©w*fc thooroa 
by tfe« •oBmbility {vtPnl **.<ab inclodo* jc.ccj a® a special 
ea«*#. •«* shall farther obtain a thoar as on ffeftseeic 
bllifiy factors. 
3.3. Jh« g | | g ri 
tKaonsa 3.3.1% i f j r > • § g | f *al S£ B £ >•«•»— o£ 
jai 1st ttt f^e^ sst (%} 11 jttMMftlait1 *gg surlmnfm 
sx iM ttfteifft & mum £~s % e& ^ssu & gfftSi 
i • »Pal gfffgYC « B** \ i ^ J < - • £ S J 
( i ) e B « ^ C a '' D ^ ), 
fiegjifrk. :;ineo I ©A in a»o»iw^tlvc *«* noiwiAoronsing 
onoh th»*t p0 > p, tJn© ooaAltion of tho bottadftdmoa ©f tfeo 
( 47 ) 
®#<fB««©# jjfT ? I is ctttoantloftlljr wtlflflod whwi
 ;
:
 > 1, 
tfeflrtfofftt i» *;&® tb««r«« this eondittoB 9ta»«ia b* tr«at«4 
«»* void for " > 1. 
3.4. lows ;«*£**»» 
For the -root of tte ttbecrea w« steal I K-.C the fe Lie tins 
5.4.1 ( | l3 ] t .jmm. 4 ) . ;jgj {•B^V £• J, g3&&l 
Haamt* M 
®P*X Ii»8l M 
( JO » l»2» «, » ) | 
& r .««i : aft. stf'tefoBfc ffaaajga Jfe* fl» gtriii *• »v 
flHaft*JM MPEga mmsm } »v te HTOMI & B&i 
«*» 
II* Jl 
1 :)nf» ' i c • 
S&£8 • jg, £ ES^IaSl gfclg i£ IffftBHtfftt £l -
3.4.2 C (ijJ.TjWBBt I ) . | £ cr > ~i gjg o"w> > ©t 
( 4© ) 
A & 
• • M M M M M M M 
CI /i»_ 
n 
a
*° Cans) « o' - «• ,>•»! 
ti*a © 
3.4.3. if p0 > © %n& {PB} te a u H W i a ssa 
no&4iK!r«ft0iA8« then for r > 1» 
( f t ) *•»•»••«•*•» f y-
* *
 x
*
 f W *w • *w *n> i
 K
 • 
Cb) K 
JWP !' R ' !>»l P. 
<C) 
(a) 1© oont&lmd la 0>] tad (Is) and (©) are ooat&taed 
l a DO. 
j*«»* %*••< & ] # * * • * 4 ) . | f p^  > o m& [^ |a POP-
22$ 3UHbBS£SS££ft8* IfifP ftg k £ yCr finite). 
r 2 1 ®«d . O 1« 
k 
"-
 ClVa %*-!W >»a) i r ~ • 
ma K*,*-X • r + r i 
{ 49 ) 
£t 5.4.6* | | p0 > c 2S2 ( p ^ 4f ttfrfflEMTf 
OPT P 8**4 XM-M 
Afeited and gftflp [5]. j£g ffic^f. J£ qfflg. 
'5.5. PtQof j f 1g£ 
s« fcs-.v* 
^«r r»-i" 
a V l ^ 
(Fii W * W V «r *r 
a^ft-i 
( 50 ) 
B it A;', tff X,* ® •^"•4, 
tfmA 
v. x . » •{•••i «L 
f „, , i (pfa»utM) ~a» . X., 
ml 
«fe«r© r; , » • • • • R I O M M (pf a»'^M) t 
ttu * •"*" \ • 
.u 
K«BMf *fe« »e«£«:*ry aaA saffleieaft oonAiUoa fof 
LMKM 3*4.1* i s 
«P! «••* ma X^Prf^ 
o r . 
c n ) 
m shall «r» prove fcb§ o»e€$oitgr ««* sufficiency 
parti Sftparft<My# 
5#c»@#jiar. 2te* ftr*-.t *ftra in Hu) ie 
'"n :"u»l 
» • «• 'I'W SMMMMMMK j € . | ** V { 5,4 X , ) > 
* • © • l*f» I * c- { « P. . &.,) 9 «B p_ > ©f 
whioh ie conditio a (i)» 
Hf .Wa^^P.UiLtg^fWWtag* ^* ^"o* condition 
( i ) inpllor tttat « • o<») <*ad C5#^ »13 together with 
«ew» 3*4.5 lapliee 
'*' ' ;;—* * 1 J» v . . . " . ' . . - ' : . 
a p
* *mtl ^m.jfl 
hence 
< 52 ) 
I A ( ^ J ! < £ ri» hi* > 
* « VuWt 
fi&ldi Is oeaditlon Cii)» 
infficienpy. Sopp9M tisat condition* (1) «uA ( l i ) nol i . 
m@B,4t i s sufficient to pivr* **^* C3^«l> &©!«* *»©*• *• 
shall consider too following **» caooo. 
rC2 • I (*b«a r • o) aaA 
• » 1 («fa*n r « 1) cod i t ie sss-o for al l o«fe« mlu*& ©f *• 
$hoa 
tf* E- ••"of .4' • ,, * i 1
 »»'» * «^ 4 ,*i 
[<^m A^^^^^-'^^^^^J "5l 
r € 
•
 p a *i*.« ^ 
( 33 ) 
ftCtd h@B0* 
—TIT -mi a T-itrn-r % »., •»• •«• HHP • * • » • * • •" " • * • j t - i \ Ms % ,,f | • 
***
 p m i ^m.*4 n"'0 
» 4 rn*-iHl 
4 _ T i n ^ i * .i n i , y -*' •• * — * *"'" • — — • > • • » • 
H&*» 
• • - ? • 5 # » * > y . 
n r »- l 
(by ,;'«IW3R 3» ,*.3(&)) 
<~ >..,) 
by oondlttea ( i i ) 
«xt, 
'2 i, 
' c J 
.*X 
I A ^ i . 1 i 
'a-i. 
(by .jesrra 3.+.3(b)) 
£ 54 ) 
•2 ( u X, ) 
fcy eonftltien ( 1 )§ and fimtly 
{«.»} I * *» P*H* , 1 l€.^, | 
i t * 
X 'd 
< «: , «••» -—•
 # X, (by lAraa 3.4#5(o)) 
PM ,i(U • X) 
by oeoAitioR (i)# 
3w» (3«&«x) fc©xti£ aad tfcte pswrw the scf-'lcleaogr 
for r- » X, 
^M 11 * «£l£ © < n < 1 H& ° > 1 . 
.,,«t ua write 
k '**• 
M 4 * { *: • z ) < ••) |ft' (p fa t i*) | 
* ^ ( a ) • «2(.u), i4sy# .*.($.5#2> 
( 55 ) 
! & « % ®ifte« 
% ('&) m £ '•> ' '"• «. 
k l a »t*l f€ 
JA | ii niluTlt ( m••• • • • • «• •• i n — « • — ) 
k ~ ' « * l» * 
(t^ Z « » 3.4.4 nod condition ( i ) ) 
• - I 
by hypothesis; i f rmmim to pre?* ttat 
- -t 
* aa# the ldtntlly 
( 56 ) 
t© wifco 
^ fp»ll».'0 • (f*H) 7 <P»OfU)» -: 1 (pfGt-4t 
00 ttJftt 
1 1
 - • ' * « * , 
wtiesr© 
^( , i ) < ( > f ) K2(4) • ' Kjp<4) t 
m \W (p ,n f i) j 
*£< 4 • ;:. •» — ^ *
 t { r • r t , • l ) , 
8oneo,lt le miflatent to prof© flint 
!•£(.*) * (fi X4) • <*•: . , -I) . , . (5 .5 .3)^ 
M« ( j*} ** i • m * • * » » « " —'»"""»'»•' 
* •' •»'"""•"•» mm ( i: .it ( ! ' ' » . . , * » » _ - , « • ? ^ ^ t o P ^ ^ . , ) *"•»» 
( 57 ) 
• *
 ?
»
p
» - i 
< f i; - 2 -
 # — —» (by cooditlefi ( i ) ) 
K l 
{ «Jt
 # „ H I nil.., HI ) 
:•( r"*4 2^ ) 
by hypottoMl* n&d hmm 3.4.2, sua £©$* : > l t rtpl&eiag 
*J? *y IAJ'1 1B £&» pr»c»diaf amly®!** a-win tjy hypothec in 
Up U> < It -V | A U —«*» . 4 
• -1 
by oaiBM? tfe* fsct that !: ji*{ < «•, vbtn a < • I , 
( 5© ) 
proof g£ l2ai*I>E • ****** '*• tew 
1?"(pt*v4 » t ^ (i2^ • p ^ - i ^ p ^ ) «^ t t 
t***0 
-^ 4 A*(pmifc^aAa^ * / fKtf 
i|(p»is».u> • 5£<Pt«tM) * ^3 (Pt»t4* 
wharc 
H^p.fVi) - (?m;|PB- PJ>m;i> £ > V 
%<p.n, ) • - ^ o P t f - V k * ^ ^ ^ e W 
In era«r to rove «h»t (%5»3)s, feolds# i t ie auffleiftot to 
grove ti»t9 for o < ; < 1 ana ; > l» 
< 59 ) 
i
 mlsfrl 
l**qt £t jU«&ai>l 2 
w 
n*k*l 
l^<P*»r4} 
mn *»{IFI 
i A ' < « I > I 
3BPM 
c ?ft. ,Vfl„T SftftA > 
a o»l 
( /4 
- • ; - * 
N* 
by hypotbfr^ir '>n4 condition (11) eM f lAosoa %4#3(®)» 
yeog f£ CltU>s • 
* - - * 
*j i # ! i^ 1 U  €| (jimC^JB) M - * - »** iVW 
( feo ) 
•f-fc F$"4 
I « I • I G LJ 
5*:*4 
8; 
m
 C 4 A^)
 9 
lsoo p^ l e mn»inar«a»iiig« ?,,, £ C"*»l) F0 » '"(*) &o4 b®f»« 
, - • - * 
£•1 3 3~* 
n»li »,-*»l 
( 61 ) 
3~l %& 
• >, }/ 
r 
«© «j^ ' '40j3 
fflnoo a® ia fell® proof of (5*3«4)*» |/U i . 3 < -% 
the. 
ibio tcraianto* too proof of anffieteoey part aiui tteno 
tfeo thooros Is aotafellflfebod* 
Hojftrfr. .?iae# j %(<*!)"* I ifi Iswliiiod in H v I for OWTJT 
>fli ^ tesdtn.3 Xj*l f»r nil a and pm * {&*l)~l for B ^ I 
«• obtRia ttw tollowlag £to>r«a on h^revnlo aianftbtllty footoro* 
OHT^R mm 
Airowm' gpm*Bihm ?-*CT« & m itmim •vn 
^•mis s? ass n-.yu & BORttym^  MEANS 
4 . 1 . »»*ioltlon© and m » t t o p » . 
.-4it E a b© © Atom i n f l a t e ©erl«© with {©.A ©• 
the p©<p#ns5© ©f it© pert jal s©a«# let ]pA &sA SfoX b© 
th© e©oii©Bo©© ©«©h that 
* » " * „ « * W % f * - * • • . . .(4.1.1) 
The serif© :• p 1® ©aH to b© aoatmbt© lK»p«q| If th© 
©© *^I©BO© j^r I <tef lned by 
1 a 
y a - V , i*a-afy8tf ...(4.1.1) 
1© ©f beoaded variat ion [8] , iter a ee<|e»aB© \TA , w© wrls© 
;•»© 
*• ©all :•: &c tc b« ©auraabl© jlgT^j If th© e©-oei»© ^Tfil 
defined bj 
( §3 ) 
r
«* ~ I ^ V -..(4.1.3) 
1® of bounded w i n t l e n . 
m «rit« 
W 4 •w^ i V ...U.L*> 
3© that »e feave 
V l t k * *n*ltM. * p®»k*l %* . . . U . i . 5 ) 
the MMeoftry &ad stiff iei«at conditions for tb« taethod 
|B«Pt(*| to be atonic Mjr regalur (e«» letars G£))t sr» 
and 
Y, 
4.2. jgfrgdgcttoa. 
^*jte^rt i » 1972 ©0$&t»lif**#4 a tmwfeilitaf factor theorem 
( 64 ) 
l .6 . l§» - tes ter I ) . :2fe© resul t of u t r fw successfully 
.§e8*r^lls©& th© thoo"«n» of T»of ::-rlv*ot»*©, &M lp©fa«tpfttra 
[XTl aaa ?©y€srii«a>f£ OKQ <«©» moorae* 1.6.13 »nd 1.6.14 t 
Chapter I ) . "Zh^  following tm tfeoorosas *m also laeliidoA l a 
tb© tfeeo^wi of '..fcibar. 
m Ql'fe&s 4.2.1 (stst»$»fcr« (3^3)• B&® a©oecf*.?iy aad ©effi-
olonft eonAltlona tfeat >, a € f t b# eongftolft i^tolt © £ « £ I 
wfjoaovffip r. ©^ ir ©«ei»bl® |^'vl«s »§1 !,«**•: 
€is • ' < n / log a ) , 
-»l 
A e B « •">( n / l o i » ) . 
glMfBSg 4.2.2 (fi%ad Kiaiior© {34]). If a eer iM I ©^ 
ir* amuisl© |C #1| «M { p ^ 1® a ne&»lasr««a0lnff e«mi«nc© 
•f r o ^ l ©ad RofMUgFttvo fluribor©c than fch© ne^-loo <- » a (s \ /Tl) 
i'^ t hnvo esplojred tbo ©.boolnto regulari ty of Sti© method 
C $5 ) 
!$#S>t«t! *© obtain « r«ealt (th«ort» 4 . 2 , 1 9 fl&xt wot ion) 
wHlol* oontolnft !*uhwr#« tfaftortn ?<® a • p M l * t <*&•. s* fa® TO 
further deduced ©os» r t w l t © froa oca* » i n r«*ttl%. 
In wfe&t follows «* stall prove %b* following th«er«s. 
isal T &SS MS BS MlasH® «tttttear Mi l • 
(b) ftBr|4* ( a % ) . 
a s * jftt 8f°ff.wg sal fifftetftt mttttaflg SSL *&& si^ gfc 
- ncn & tt aHHfflJ l«»»t«U ! » « ! ! r S E WIWHt 
(i) ea- M V / i ^ ) . 
(11) Afn« t "V^**) • 
( 66 } 
In section 4,6» w© ©tall *&Af thia tfeoteroB to obtain 
e®rtaifi tnprrmi&n? oor*li©ri©*# 
4,4, '% shall »a« ttw following loem for tfe© proof of 
©or tfe«*or#», 
|jgoroa 4,4,1 <oo© •'-aaoKObi 142 () , Xg$ jgg gfqutao©© (b^ 
sal {%\ Ss yftaw as. is 
HW»0 » ~ T-1L **#k ** , 
wtHrfl (a-.
 fe) | £ && fctffo1*? itfEifc, | £ erter flat > |b | < 
it 
Iiot ^ f i bo tfa© (¥,9r)m®mn of tfe© sorlcs .; &n aa4 
0 » b# tfo© ( !7tpt<|)*"*3®ftll Of l ®J^a» ^b#B 
( 67 ) 
©o t t e t , by patting 
we hairt 
ii 
Km 
T
 II * r a - l • 
a n 
"m s »4 * * 
%W, 
•& ^ 4 * «. .(4«5.l) 
I n k 
o • — t »„ ,, ^. ( i. a. & ) 
n
 tn )ml *** ^ ml ^ 
l a a 
1 a c # *a#a 
0 • • • • Z *» • I ••» fef. *" . f ,« . 
i^n»» in vl®% of (4»5*l)f •« t - » 
I a K E ^ . *a#fi e u 
e B - — £ • » «&• A a ( , „ . , , - , ) p^ . . . (4 .5 .2 ) 
,J^« ftfM M * 
( 68 ) 
due* 4 
,*• 
m &»<£ < 
•rHf* A J-fliiii:^ • * i » I 
. . (• .5.3) 
0 H» > B , 
V»^  
j|»wt tins application ©f imam 4«4»l yrovidM the 
mc«s»ry &.M »«ff ioient condition for £ a& ? a to be 
«o 
£x l*»l9tT *W j * G* M* 1 ^»5M.# . . . . (43 .4 ) 
3o t t m§ h«v« 
R£ 
£-* A iiiii • m i j«» 
<4 »X *"<M 
• • • — * • — * 
rti t. 
li
 R ) 
A*»i 
ff.JR ML V l t ^ | i *n»i,i*l € ^ 1 
r
 • W B&1 R 
) -
H 
'tit** "Qt %- IPH 
rM *n R * 4 
^ , ^ 1 € ^ i 
4MMMaMNMMMMMMM 
» l | U -.* M Ot»Xf;^l ,1*1 ' £#4 
«» « M O M M 
r 4 %mt T t m i 
( 69 ) 
Ufa a M Si , ;*! * ^ l B |*4 
T„ t B 
€
 ,
 KiM V i , ;M *&, i»* f A*lHJ*«4 t, 
•< -
#* VI w 
B t ^ - l 
' » l 
i'a *mlf..^l ^ftt-^l 
it "fc ft 
, « M « ) 
4 B*l 4 B m l 
A c., C * 
*a*l»;#l tt#4*l ) • 
B a * l 
6M *# *n»l»4 m l t ^ i t - t 
*tt»U fi»4*l • —Hait i ii—i—i — • , m m ii 
a *ml 
* V *t>lt4*-l n»-S»X 
'm* 
H#"l § id*1* Ufu/giX 
m l t 
) • 
e . f R a 4 pa»drt p 
• ( • • M W M M n M I «» 
n 
a-4 
) * •« ( *"• 
m i » ^ i 
"a 
'4 smi 
) . 
. . . (4 .5 .5 ) 
( ?o ) 
.'* tiball new dtnl aoo«»«lty R«S Mffloltoeu p*tf-t* 
'ffoflgftsy« >*e ta-<-v©» 
K \j»l » ml f f» l J V ^ I 
»•••>•*< 
ml 
• I * 
V i 
"M », n*/^l ¥£*4l P. 
! • 
» ^m>l9^l *nt£*l 
\ • ra * V 
In view of condition (14.) and atoalatt T^galarlty of th* 
•ethod (R»p»q) wo h*^t 
At*© oondtticri (14) ana tsiypofefeooeo (fe) reveals ttant 
*'- • o ( l ) . 
{ 71 ) 
'ftaftlly,c0BHtrlen (1) w&% tynwthe&is (&) sad ao&oloto 
regularity of {'.'tPtn) topiiea t tr t 
\ » "CD J 
Vba* tt» eondit.on (4,!?.4) i» R»tlsfi#i ftiid t*d« proves tbt 
SQfflcl«lM|f 0f CDBditlOM Ci) *W& (11). 
!j»c«gnfrty« Vtom mm&ition (4 .S.4) , i t fellows t lr t tfct 
f i r s t terra, amdlf for n * a «• i isnst to f in i te , -%&• 
a 0 — •••milIII i • .'UH.I..I.—w»..wr O 0 ( 1 ) 
whiob 1$ ootKlitlcE ( 1 ) . 
Aw the naeMPsity of condition ( i ) 9 ^e OOBOTTO thrt 
once t!» ^on^ltioA ( l ) 1« ««ico®*»rj i o view of fey|»tho©i» 
(b) f «• h*»vo e a • "(1). '':Ji«r«fore 
i A e | — • < j A e . j — £ | ••••» i • - - — | 
C 72 ) 
l A e . | - M r r f / « , r t > » 
whioh in condition (11), 
•Sfcio ooopleto* th« proof ©* safflrieney pert and time 
tli® ttworee i s •otfebildted, 
••*. gMttlWpg HUSK* 
It ie mmll:r wtti*& tort -.-/faan «• pet <jm « 1 f©** 
a l l ci in ojf tbcDroat to* te^pDtfeosJLs o* M s^s&'^ s tboorom 
(Thoorev 1.6.1S) sro &>»ti8fiod at$3 them our rooolt roducoo 
to !&rfu--ir»Bi tfceores in this oa©®# 
Moro»vi»r,ty~ petting Pn • I tor e l l o in our tfa#e<ro*t 
( 73 ) 
states istsfe * M 
CD eB« < if 1/ R A> » 
(11) Aejf 1 r / ^ ) . 
saltan mm 
o ahali doaoto by t j f the »»tfa eooSr© e»mi of order 
e of ttm no ucno« n^ aJ- » and ti:oat i f we t k » 
El O y 
in *i®w of Sejp»b©tli&nft8 identity [22jf tfeo giten sories r e 
i s flBsmVl* lC,a| If and oaly If *J * 1# ^ r *•****• 
«r* refer to section 2.6 of Chapter 8)» 
Per too given seraeaee* [pA njtt ^ J «• isrite fe-Z* 
th« »• ueftoe of iter**tJ»n promote of both the neouancetf and 
l»o ooaeferoet two Am bio ee^uenooc ae foil owe * 
!
-fc * * P«-,i <&*i , . . - (5 .1 .1) 
l»B(k) - —— * — . ; . . . (5 .1 .2 ) 
r n- i r a 
( T5 ) 
m snail £ircae& mm proper tie© ®# nbov* aoublo 
ii#«!ii«ueee In ;-,«©tlon 5»+ in b^© fore of r Imams {i*mm 
-;* also rmmrt fe«ro «ta»t In tts» epoalnl mm » wbon 
w>m®& |H9p9Q) «••«««•» to }?Mtjj! t l^»PaJ «n4# |C,5,w j 
ra©thD<?$ roopeetivo JjB)# •«• call !6#6»*M# the flenitra lint* 
&b®#lnte Cts^ro aethod* 
ino« the fcis© methods of eunrability }KtptoJ and i'»c! 
&ref In sancral inae;*w*Se»t of m<±i ethar in tfe© mmrn ttiat 
mm of ther lnrlii6«ft the other, i t I© rrulte pi&uoibla to 
look oot for Mnaafclllty factors «hlab9 **&•« lattltipilofi on 
tans by tarts b^aa to tbo t a r » of an infinite ©ariae ssesraabia 
by om of the above fcw© footned®f protean another infinitn 
sarins wtiiol, i© C««EJW ble by tat otfenr method. 
-a nava oonai dared in thi» anapter the jaaoagiiMry and 
auffieieat coodltlone for tfcn absolute sots-ability fan tare 
la transition from |a,aj to |.9»p«o)-«manbln ear ins. Our 
{ n ) 
tmin tti«or«a contain*, *« upeoiMt « .8M| neiy prevlouifcy 
irisown i*#®ultft ».nd BOWS new and abaorMng r©salte nrr niao 
^•deoed .r?t« I t (ref# Section 5»6)# 
n 
"• 
* shall prov* tb« followia*: tbeoreaa, 
iZu^m *>.3.1. j£& ( P B } Jjg aoi»4maRtl^t a^& jag» 
(a.) « A s ( i. ••••» ) | • o(n c^) f ae n ~ •% k £ o» 
ra-4 
€1 
Cb) r • 0 ( s QJJ) , a > i , 
(o) l i s -»«"•" » X . 
B * * • T . 
amis SI wraMt i^ ptgi,^ aM!BK ^Ls^uir.Hu.>o), 
U) ett • 
<x*yrfVt «>i# 
( I ) t O i tt 4 li 
( 77 ) 
« -1 -o*4 
(11) A Cn tn) » o(a ) . 
g:i*ORtg 5.3.2. Let 0 < e < i t 0 > e M 4 < a. 
££t * 
•cat 
( i ) e t t« o<». ) 
6R '**• **NEB* l''il 
( l i ) A (a eft) • 0 (a ) . 
3t ®feall erapley fc&e f e n c i n g lessma for t? © proof ©f 
ocr theorem©. 
S.4.1 i£Q9"jBem 3 ) , J£ Cn • (a) , to«n 
A ( t a)« ^M Ae n ) 
f O f a 2 ©• •"'•1 > ©t « • ' • > © . 
« r ( f ) m ©x (£>* !«*•«)# | g © <f < fc 
I I1 8 faw.f l ^ gilMlffi M ®,®mM t 
e a » "Co ) • A ( t a ) * <••(« ) , 
R _ i
» | : 4 % » ^ < » • ! • « • • . . ) 
£ mfSWg - ~ MfMftSl gffl#*foft &£ * frttl < 
fattf < * , J» 
! % ^ i *• ( s * U8t...). 
W h - C Y S 
«* ^ «» «» • 
Shis i s ©ontnlja^d in jlcO# 
C 19 ) 
j£gg& ^ 4 » 5 <tu]»«"•*"•• X). I£ a > o gaj en"0{ l )« 
tfafg 
c - * A CO • c (a ) 
o 
a «4 
A (n eft) o (a ) . 
:mm 5.4.6. M | tgg double r^Boncai \ : f } &gg 
£•»**>} I t CifiaHJy (5.1,1) sat (5.1.2). JJ«» we te 
CI) %m Tn* \ ' HwL 
(11) 3>aCk) * o» t 2 a, ^ t t(»4) 
P»« 0 f t 
c* 
(1U) #-<*> • 1 
a»k 
(!•) 0B(k)« t a <M) • ^ ^ • n i » i i m » «• m • • • ) | 
r o»l 
3D get ttic>'=® r#lr tioao *• h, v« Just te» npply tfeo 
dsfloLtlooB of ^ 5 } «tna ($j|(k)} « *» pr#t«ra4t the proof 
( m ) 
«J3 i t is quite e-.isy. 
:t>t« ; m olmll UM th# abovo relations with or without 
referring than !"t every place, 
iff iS 5 . M . 1£ € « • 0(1). figs* |fi£ I <* < 29 
A (fk ) •- \$n U)«4Ji*-l>} ^ * 
• >: A ( t k ) $n(k) A 
».« gj; 0 
11
 '
 J
 |*m frm k»| 
A(?B) • >. A A (f|4>. 
Heno«# 
( 81 ) 
< +_(M) f A<? "} • £ A <tk) r #-(^1) A /. 
** , a k *a a—2 
SOwt tb# Appliestiec of ,/'b«l,8 trftn8foxmtio& on fcfoe Internal 
sane of rlgtt brad <si<H»t »l©n©ffitB to* identity 
k -a **»2 -
.* A * k * 
3*© j-» fc-3 io-ra 
w« get the resolt after- aoafidtirtag a^ assi 5,4.6 ( i i ) . 
!»•»§ 5.4.8 (|j5l). J£ *. aft |B sgiaaablg Jcfa i* e £ •• 
•ft 
5.5. |E2£{jtfJfeSEflL**3,l. 
a 1 A a-1 
*A * """""a "*' ^ d ®« 
p.afi s ir rfo' e, 
( 82 ) 
-e«4 a a 
it ft, . » L 15 4 ^JJJ * u 
' ^ art 
l»©f let y_ £•»*« the {%9v9qhmm ot r a ^ , tbta 
.** 
t 
n 
~ JL **c* £• • * • * 
l a ® 
£1 
© patf 
% * ^©-*i>4» 
tfefcft 
:?^*© 
, *„ * . ( , > ! ) i to A \ . *» 
( 83 ) 
•"six ^ * ® H # 
Of 3 > ft* 
T<wrt tfee n*se®Bsr-ry and OBffiei«Bt oonfiltlofi f»r l ^ n to 
be eunmib'to r »P#f U whsnuar i: \ ie siissmfol© f€t©|t by 
L*r»). 5«4«5t to 
K-v! 
afciefc ia the anew tfclng a© 
ana » jiMi i*-« n * 
i . e . the ntwcffcsry «nA snffieitat con&ltloB 1© 
AM » t j z AJJMI #_(**) MJ - f ( a ) . , . (5 .5 .1) 
mm M ^m a *•* 
•#• shell nowf oousidir 3ht a»c*Be..ty r.mS. ©uf^leiencf p®r%« 
••pnretBly* 
( 84 ) 
eitr« imt « > !• 'Skea for a • ^ • m, «* floft 
which in clow of immm ;>#4,6 ( i i ) 
«bleb io ooa&ifciOB CD* 
Roxtt «*« pwro oy «Mgp of oontrfttiietloa thrt CB * ( I ) . 
So wo toko «B f* r<l) l . e . U® j€aj • • «% 'Ikon tfciore aro 
o j C 0 o < ••* < 
&06 
"A 
OBppOfSO t t t 
• • • 
f €„ 1 > r 2 for r • l t 2 t . • . 
a • *m2 SPJ. «* < r * l » : 2 t . . . ) 
^ * 0 ( tt l 1 Oy ) 
( 85 ) 
'AMfta9 «• flins thpt ,; 1^1 < «• which o»ai* th-.t K «^ i s 
ffwraritt* |C«aU ^ ': \ 2 f t » • «• wfcieh ooatr»,4ieti tfoo 
|H»P»Q| ittSKmMlity of <;: ©^  € f t . 2h* effl • c(i)» 
for the fMcoteltp of ocnditicm ( i i ) wo note th&t 
©tuition ( i ) ?a& hypothoois (to) Impljr logct&er that en«L{ii) 
acS tbor 
t ( *; A +_(>*) fu ) 
1MB ;vm / M I * 
f.MB »*•© a»jt* 
A*( t . ) 
i s viow of i'MTKi $#4,6 . i l l ) , ftaroflpiroy 
w
 1MB M l ^MB ; 
wfeleh ie comitlor ( l i ) . Thia jrovo© t&o necessity of tho 
conditions* 
^ | | I ; jftoTB_ t < a < 2m s i m o 
( a«. ) 
H —pg«3L ft «NEC 
ml *e 
• • (n) —— A • 
™ a*l am 
»^«a> *&4&l« terse, on the r igftt of t te atevt ©^aatleu la a«n> 
beofttiet ©£ r^ oawift %4#6 (*!)• 9kare$tr«v w« cao «ri t t 9 
nejr# It if* miffleicnfe ffcr @»T pirpos® to show that 
*§r ?^ » w» fttttlur spl i t tto« ra&g© of tt. I*t 1 < a < a, 
tto«n by t*am !)»4*7» «• &&?• 
^ * JjJ. A*^ j>^ ^ ^ ^ v - 'S 
( 87 ) 
<*» w OS B r -jM"tt 0"S 
i*»© 'k»o*l K H*»» L 3*» 3 - * fc-3 
03
 a a «4l 
• K | i: A (fj.) iMfe) A | 
mm te*o !&•• 
e^y. -•€ etonU no^t allow tts? t 
I T 
A ( Bl ) ( T * l t 2 , 3 ) . 
:^ r Leasp 5.4.4 and &yp©fek««*s (») t * • * » * • 
u < ^ r ( r. | A (fk ) l A .^ «J f A 
< r i: 
OP8 O" ' ^ )fl*m * * IMS * - * 
i * 1 J . 1 ^ (*k>l 
*• ft «• ~ 
• K £ l& <?k)f s JT2 
4 * ( « -« • * ) , 
( ©8 ) 
98 in$ ooniitton ( t l ) ©f %tm thmrom* 
la , by hypotfoeoin (a) , .7© t/'-YG 
a _ a^e a *W*-l *i*u -**l »i%»ii—1 " • % 2 i ^ M * I A < f k > | * i q u | — — - |A 
*
e
 am k»a»l lorn £*» * r a Ta 
— B* ^ ° to»mt to-© am 
• I 
^ Hi # 
am n 
m*8. 
< K ( n ) 
usisg tfee f'«ct thftt 3? lacr*afl«r wltfe n for a > ©
 t and 
cor-dition (11). 
Ttoklag into oonsitl» tion fch© fact that A*1 • o for all 
bfit aero a for which i t is on«t m h&v 
by Unmm 5,4.6 (HI) man condition ( U ) , 
c m ) 
I t fitalfti»0 the proof tfe&fc 7L * o(m > £©r 
1 < a < 2. ^ u®w %**» « » 2. i# kw* tfofe l " | » ©t - l § t 
?t - « I A ( V •,(••1) - A(fwl> *>„«»> 1 
• 3 «2 *• f^irtBHH ^i 
ftenn « • tafuvt pfrovtd ttmt SL » o(a ) § x < « < g# 
fit dutil aei»14«r ^g, Stn©^ 
( 90 ) 
0 h&V§ 
" ™ ' « . . . ( i » » « * 1 *<* ** 0*1 l»*V 
by t*ypo*feea«e (P.) mnfi (e)« 
thl@ ©©afsi©fc*#* tt*« proof of tfe« mifficienoy pert for 
i < « i 2« 
Cftgy XI. jfcqg o £ « £ I* '^o« a * ©• C5.t/.l) rafl»cte 
thou «*•« €R - (1)» \ • < (af*) l a **©» of &•»* $.4.6<iii) 
-» flow taw* © < • £ i t fch®a wo «m o»* ;•»«» 5.4.1 to ur i to 
( 91 ) 
** « » -©- l « - l 
®afi retel l ing flit teahf&naee fbet were •eterialisefi In 
Oi.ee l t vs»e> OPH prove ttw eof''"ioieaej of bote tee cotaditione 
In W c ©as©. 
$&*# i n . ben « > 2. 2b prove the anffieieaey o? the 
cenSltleoi e« abeem that I <T < & <T + I for toae integer 
r . flow ©Jail eoe lnduotir<n ©a r to eever the ea»« when 
ebeenre tfcrt the rectalt Is tn»e when r • I . 
'
fe eappoee fcfe© eonaltioiNi be adequate far a l l iatejpre leee 
than er tqaal to mm Integer r» i . e . we eeppeee that when 
I < s £ e + I ( *» > I ) 
the condition© ^ e sufficient. >;e &l©e take 
s * l < « £ £ • £ . 
« can v*rlt@ now. 
( 92 ) 
4 •* e 4- eml « V ^ ek 4 •Jj <k A *k> «t 
F« • F« • F . , 3 
eey. It i s well kao«n tfe&t n xB If fOt<*«4S ewjerable rtiemwr 
S. a Is eouwM© $0»<c|* i1»8 Uo aho« ttat the *teaa«SBes ?2 
ana f- art |8*Pt<}}"*W9nftbl4 i t will b* e m n ^ to show feat 
tfe# e#«i«K!©s {e a i and {n &€a? aetiegr tfoe toypofcfe«»#» of 
{&-Z l a th» th«e*«i wltib « rftplseti by (e-l)» 
s i * » ft'ora ( i ) jyafi Cil) 
1% I W M I 
we $»t aft«r Applying I^ awoa 5»4»2f 
A (f J - * U ) ...(5.3.2) 
ftftd. 
^ • a * * A < t , ) . f B « c<rf*> 
1.©. » ^ « n - c<*>» 
{ 93 ) 
snc© 
A ( n A f n ) • A e a « 1 u ) ...(5.5.3) 
-•©TO eo»Siti©& ( i ) «« Also ©fetala 
« . - ' • < V •""%•> . . . (» .» . • ) 
and 
n A e R « > < * , / » <?& > . . .(5.5.5) 
BM» rtl^tioi* <5.5.J») • (5.5.5) erideatiy rt»w tfcnt « » 
@enaeoo«s (e a ] ana {n & e ^ »tlnf* «*• typetteaw of £eB} 
wltfe (o-l) in pl-e# ©? a. 
Slae« 
I 
ml •»<»*> {» «W *5r<»*> ea 4 * \ 
•*<»*>»•£ ««rt-J|t {#0Co)-4B(^t)) a «* e ^ 
i7« obt* ln 
ml art 
I 7 ^B(«-l) {m @ml 4 ~<^> em »»*) 
( 94 ) 
* #»(a*)} V l ra 4 ' 
+ ,: ;, • •»., *: | M » ) • $„(©•!) I 
items Imna* 5«4.6 ( ( l l ) t ( iv) ) and §#4#© and hypo thee Is (e). 
%i* finlhhen the j*"©cf of tb» tteore© ivhas e*l < a < s*2 
(s > l ) sod tbtrftfort tjy imJaotlot, t&e theorea i© $r©v«& for 
ftU « > 2» 
Itiie eoapietei! ttfea proef of sufficiency pur* &n3 ttm» 
C 95 ) 
In aceord&nco with tteo tijrpotnoooe of ffaoor®© lj,5.2, 
WO «•» thnt If «* fcafc* Pft» AjJ^ * and qB» &at ttl« 
bjri>®tteo««® of Uttmemx 5,3*1 «**• ©afciufidd and thus Thooroa 
5,3,2 boo©»© a opoeiAl east of Thesroa 5,3»I. 
iroia meoroffi §,3»i» It i t ovidont t!»>t if wo take Qa «i 
for all ii *nft p * 4T*f a ****** *0*®6 W»ioa of « Thooron 
of ifcionoott JO] l£ otrtainod (soe HIOOJTOB 1,6.1, chapter I ) , 
On taking o * 1 find cin * l for all n and p& » ^ » wo got 
a result of APR, Fritse^v. nM "c^jr-trn. | lfj (BOO Ifceoroa 
i«6«l?t Chapter I ) . A result of peyoristeoff [4€Q (*»••*•• 
1,6,14) aloe BQt-m to bo oontaiaed in oor theorem (when 
Ikking o„ « I f©** al l n in ©or 'fhtoroia 5,3,1» «• g»t 
%bo following J 
and l i t SVn »••} U toojanjoj £ £ cO o, th£ neo^sar^ anfl 3 3 ^ 
cifj£ ftSfdiHfiifff ££, nnen H 5« ttil |Z»PBI ifttfffflK Ai 
l£ jWfffflli |3.a 1 (a > o) arp. thj ftHtftgl • 
( i ) €tt«fl(a"aPn) (iO A " ^ " ^ ) =0(n"p-1). 
v3II/,i*» SIX 
tmciz'te CTMAMUTT i^c^s OF mxarfc mum 
*'• a«iiD$e by »J t t e »»th c«Beoro 8*an of order a of 
tin© 06rwM0« n a . Ho o&ll a mrlm - a^ to b« nturaabl* 
|C,o|fc i k ^ l i f 
- I k 
n j x * | < ••>» 
;c? e?©# that for k • l» tbe netboti lOtsI^ io sissply tfe# cwthod 
| c , « | (so© B K ] > * 
l
:* a&aXi fu?@ a l l ttm aofiaitiona **n& flotation* giwo 
la $5»1 of tfe® proooding o&tpter. 
6.2. yffa»ftff?mp> 
la tbe prc*«Aln£ dkuMptor «& ©btaiaoA a l l the ^ m o b i l i t y 
f&otore i» t rans i t ion fro® |C9a| onncmVLe catieo to !'»p»q| 
©uttmblo nor lets. ii»o the e®tb®*Si3 l€«o L i© ft loo if*A*poj*» 
dent of the ffiotthod j#tPtq| for k > 1 i . e . n@itk«r i t inoludoe 
( 97 ) 
aor iaolfided In the ra©tb©<| iH*p»qj§ tfaerofer- wt shall 
obtain ww fcfe# eaesmblUfcy factors of tfee type (fC^j^t j$#Pt<tJ), 
3h* «Rln yeans!t wfcieto we ©«t&blissfa©& fch©«s «2s:i«nd» oar Tbetrmi 
5#3«t (Obftplwr 5) oa oa§ hand and obtain® mv& important 
r e s u l t s an the ©tberf ^feieli w© bsw AlsottSBSd In the U«t 
section of th i s otaipter. The l a s t motion s lso eofstaifw son© 
new resu l t s t.e tbe special osws of oaf as la tfeeoro®. 
" " 1 • » £ •» • III mi 1 mi mmmmvSmmkm 
fiX %m i 6-'-1- ^ M i i ttgrgMtttts a^ sssiisaaslas 
(a) | A { _—~— > | » r. (
 R /« ) , k $ n 
r n - l 
(b) r f t » o(n .HJJ), a > 1» 
Co) m E m ©*©jpSS» W ^ 0 
n *• *• r „ it 
_jh> thg. gjgJflttflX «n£ sflfmftsflft enaditionE g g * ^ 
ilssM £. SWMS* ': -^n! ^©ne^r ' pn k PBPHI 
< 9« ) 
\®9a\k% fc 2 i t « 2 *• 2£2 
(l) e I A <£j < * 
art. (iia) . - I % I < • • 
6*4. J©2Li£HE£ 
© sfe&U «aplojr th» following IJMSSSSI© for the jroef o* 
oar *h*or«a* 
£ B B *•*•*• < M ) . M P 2 * t * £ * §fca§5Em2t 
jjtt " • 1*B} • ' • W • tt • W ** * * Wtt} £s 
B i 2tSSS2£££ S^HS ft SOttSt * 
S
 ffl»0 * • " * 
C 99 ) 
JffiN fi£ B » f g g 33i BHIISMl SMflffiiftg M 
y e f i ift»*»yay x € £
 f . . .(6.4.1) 
IS j&* 
^
!
 £ ^ g f * * £ •.•(6.*.2) 
gigs k* n i * $E& «te«H tefe» & k &&A * a i m * 
ya * J * •«#« *» 
** •* k 
Ana r |yn! < ** ^bffttyiffr i* | J ^ | < <• • t 
manfft ««Mrtteg «as *nm r**>» a w g *Bf& & 
<M> It* 
! e. ^ | < m
 9 
VMM* ^ t 4 , 1 
* 
*lr •©©flSef^te intex* of ® awfeer k «• ntaft 6 iw t^otr k» 
sue* fcto.* i|, * |tf • i # 
( 100 ) 
yygf *n s i 7 a 2££ 5J! tp** g® AS Ij¥n *»»4»*< 
?*«pt 6.4.4 C [26]). !*$, k ^ ! • £fi <$.CM. tt&i '•* •B,ea 
i.| 
Cn » 0 {*» ) . 
a&» Is MlmftU % man mas si iiflwa * si 0*0. 
:fl[»6 6.4,5 {[iJ9®m ala© ft-:*])* 25 £ a «r -"(I) t&ag 
A A f O > A" € 
*A8g IS BJM tSBL • 2 • t ~ 2 -It « * 2 «• 
6.4.6 C | \ o ] ) . |gar © c < a < l f o < r < k < a 
ewr ivfii i*<p UMT is-r 
6.4.8 (BcJU |£ 
a 2 ©»$hifn 
( 101 ) 
i n i tw j < - , 
ml n 
0
 £ *> i c« 
aajpft 6.4#9 C 09 ] ) . IE. o 2 3L» ^*l < a-i < *t 
a a«4*»l •{«»lHt 1 k»l ^ 3 $-1 
cw MBI a-** I*"»J«Mfr 
k-1 1 
* A 0 ( « • — •• ) . 
iwlcwr
 Or*!)**1 
*ai« le In fast a speoi&l mm of © remit in 0*9] 
wfe« • • c t T •» I ***** e I* replaced fcgr op*l» 
ijSKg 6.4.1C <£»]) . i t i s B 4S. gSffifftfllt ic#«lk . 
a
 2 * t*5f* ^ ^ n M fpSPE&ble. jCtw-l j k # 
•Q stmt I alt© u«*e imz&m 5*4*6 sad 5,4.7 if* the proof 
of otr tfeeoreB* 
Hie reeolt Is being tree for fc» I (meeren 5.3*1 • 
Chapter 3) we shall prow i t for k > l # Let m write 
( 108 ) 
G X n a-4, 
* • — •••••...— T A r « u 
eo tbnt «• get 
r •«£*!• l / k a 
T
 ?*l r»a a 
AptRf writ ing 
l a * 
B 
* *" *£ ...(6.; a) 
5 i 
unA ee i» Ca*pt«r 5 (Section $.S) • • b»*a 
S^ « ^ • ^ • 1 i f l r ^ a ( M ) » 
aodtio rim of (6.5.1 ) f wt ©bt&ia 
a l/te a a a "0-4 
A '"- *"' 
( 103 ) 
v?h»rc 
l /k a a «e.«4 
0 • us > a 
sasmble !Ct«lfe» a > ®9 k > I if ®-®& only i f 
r: jjy j < «• ^M«av«r £ | j £ j < «• . . . » ( 6 » $ * * ) 
U»0 " HP© 
TTfiiaf !«!»& t . i . l * tfe© nMNNHiasy ftnd ®*ffiei#at coadl float 
for tfc# aaao «r« 
s e
 m v bo oomrerftafc for ovory t*B*o(l) ..,(6.&.3) 
OPS ^ 
sad 
: \i ©a ffl tt^l < • «• ofeoatw ttB*c{l) •••(6,5«4) 
HMTf 
• 1 /1 a • a • 1*4. 
T O * * « • a*r 
( 104 ) 
!*»», 
i/k a m -^4. 
St T*BI T"«HB 
wmw ^ ^ % * WW ^ ^ ^ 
• A^  AC «^« 6^ . ) 
wto*re 6 • £ # (r~l ) a^» 
t ^ l * Ityl I A"* ! !$B(^l)f 
tMB r * « r « « 
no *"Q*a l ®* 
whemnr«* I . »0{n) f oolag Hwaa 5.4.6 ( i i ) . 
BiBfi if Cm • C(B) , CfjUdiUea (6.5.3) i© antittfirt 
and h*BB« ft nooe.-r ry and oof? ioiant conditions for (6.5.2) 
is 
- (o+Dk'-l * . k* 
E a | A ( l L f i u ) l < • «• . . . (6 .5 .5 ) 
wb#a®T«8r e • r ( i i ) ami a » ( i ) . 
( les ) 
'"• fchall now p^ov* lb© neoesaitor and sufficiency porta 
separ-> t«ly. 
Btgtosltjj, Biiffi I© iv<m that I. a^6a 10 Puemblt 
l&«Ptq| wh»aev«p K a^ is aoanabla l-t«|j5 » *^*» applying 
l * | 
z«Bca 6 , i .4 r?e iKVt e • 0 ( B ) * - ( B ) . iim» (*.$.$) U> 
n 
a ttso^ofmry oonaitioa w^enevar aa « ( l )» 
f©3- tha occer nity ©f <l)t we tsk* e a • 1 m tbnt 5 • I . 
fn>» (6.3.5) wc he' 
*> («*l)k*«& « 
O P 6 * 
»bioh i s condition ( 1 ) . 
8mt%9 froe SJBB-^ . €.4.2 wa hava 
•» Is* 
*°Btm' < 
which ie tuiotfcsr wny of filing that 
* «k'«& ^ n kf k1 
I. a ( «•* ) J6tt| < * •» f 
ml r a 
{1<* ) 
and this is oen£ltion Cii b)# 
ffttnlly olnee (1) l e a nfteeewexy ooodifcSee* tfe* ©•«»• 
vbtn er » o .gives ue 
I I |« | < • -
&ad thi» is condition (4i» )# 
&f£|£|259> *** « i * < U coaeitton (iin) inputs 
tfe&t €B * Q(n), /lso frtMB (lib), for a > l t »© got 
toy teypot&ooio (b)t n»fl heaoo (6,>#5) 4* fcl»© auffioimt for 
tfeo validity ©f ( 6 3 . 2 ) . 
g^f I. ^ g « • o. Sine* 
v a * jf
 a | < • 
otilns Koi4«r*i» inormality, w« obtain 
C 107 ) 
fe* te I A -* k* lA* 
< ( K B JaBJ ) < B i e B | ) 
< •» « 
M e e taking lafto nsooaflt lb* «*t*iela*« r«9»lor l ty 9 fts# atr ia* 
gg,|g XX. |®% 1- < a ^ Z* >'** sha l l prove th&fc 
•'• h f . v t 
* • | cr m a^] < «• »fe«a§v<sfc B.B • 0 ( 1 ) . 
w*\ mm 
'BfB 
l A * a -©<"& 
x A 8 I am *<* 
' • — * r « « a 
• • § $ a (»» l ) A 
OM3 } 
lA * a «*s 
£ f a ( r * l ) A ( f r ) A *ta(a) f w l 
si 
T**& l»,<'H«Wl!^l £ , } 
,(n) . (n) 
C toe ) 
£«yv tiaso the ddtilft tera on the ri^at of ahovo equation 
1© soro in ^ie» of Losm 5*t«6 (11) • 
8©w» we observe tito% 
41S 
v"l awi • ~ ®*1 a*a a»l »"« 
1 "2 
lay, aw* ©or perpooo i t soffieoe sow to prove thst 
\ » (l)» r • l t 2 # t whoever o^ • C(l). 
*m fervor rootrlot $*» r&nft ©f «# flnsfe w® sappeot that 
i < a < g# Hhon «p^lyias I M M S#4-«T «• feavo 
« («r»l)fcf«4 «* n . •» k* 
* m\ mm &m * >>• 
« (••Dk*^ «* o * . k . 
< t •-. a I £ ( > M£*) i". HB( M >• 
* tsn(i*»i)r E A A + 
11
 i*a i*B J«4 
• (fls*l)kf-4 *• o « • I k * 
• * t m | i ( i: A (£4)$BU) * | 
( lot ) 
m 
- hi* h2* hr w -
flow, **y »»i»S £•«!»• %*.? *»^ 5.4.6 ( i ) »»« ( l i ) t *• *&*• 
-
 (
«*
l)
^,r<?AV,),?{^u>-
1 1
 OPl BWB J»® ^"* 
a-2 k1 1 *t • • , 
^ I A /. I 
! •« t-o M 
,o(l) » r. ( i j A ( I . ) I >: l$a<M) 
a»2 «e*i k* 
- #-ClM)i A A ) 
o(l) a ( i —« £ l A C e - ) ! ) 
o( l ) a ( s J A ( e 4 ) | z —«) 
* «zk,«»l ** ai k f 
C>(1) r m (i f A <i«)l> 
9>i j*m * 
( no > 
<• afa*~l m ak1-! a _ k1 • -.«ti*k-l k*/k 
* k»~l •* ak*-l. * - k1 
0(1) i, m J i f A ( t 3 ) l 
C» afcHk»~l a _ k* 
o<l) 3 I A <?«)| 
3*1 ^ 
o(l) 
••playing tfe© hypolhaaaa 0>)» (e) ad coalition ( ! ) • 
*%ftt *a hn*9 
- (a*i)k#-l «• a « _ • ! kf 
2,s, • 0(1) £ m t { l [ A <fk| ^B(k)A ) 
** ml »»® lom **-~ 
«• (a+l)k'«4. *» ® __ k1 
« o(i) 7. a ( l A C f j i • - ( • ) ) 
ml mm 
* (o*l )kf-4 ,,« -, k* 
* (XI) i • I A ( £ ) { 
m\ 
• 0(1) 
oitiii^ I«tsm 5,4.€(i) and ooodltlon (i**. 
{ i n ) 
•ZltAl-Tlft 
m («i*l)S€»-4 * • , o n 
- m >• a C E | A ( « « ) I ^ 10*141-•? m f\t 
tspi tarn tr y»w*\ 4 $-a *WB 
- <«*i)k»-l-2k» - • k» 
0(1) e < 5 I M ~ « ) i ) 
SPI 3*® 
«. -tc«*«ilt»-4. • 5k»-4 a _ k» « •6k*k*k-l, k»/k 
0(1) t m ( i J I M f 3 ) | K M > 
a»l 3"1* 3*« 
« -fcHak*-* -6kHgk» ** &k*-Xi « k« 
0(1) i. a a * * I M « j > l 
•PI . I*® 
« («*l)k«-l • k» 
0(1) E 3 | A ( f . ) f 
3*1 * 
* o(i) , 
( 112 ) 
W-lm £*»» 5.4#6 ( i v ) t typ--ttwi«l« (&) and condition (4 ) . 
;aior? we &w« •howitlK&t for I < e < 2§ 3^  • ( ! ) • 
Httctt we talc© © * S# ilMis 
«* « l /k 2 a _ -2 k* 
s, •n(l) : ! £ ( » *w £ $Jn-l)ACc.A) A )} 
o» 5ka«4 w « . - 2 k1 
• o( i ) i s | >: ( r. $n( *4) A <$,.) A ) | 
art ffl* **• n ** J * * 
i.O 1k*«4 • 2 k» 
• 3k«rt » _ * • • • k« 
• 0 ( 1 ) £ B !A*(IL)| ( I II.OsML)!) • 
crt mm 
m 3k*rt k* «• k* 
• r*l> i e U f l L O l ( i J* <«) - + _ ( * r t ) | ) 
art BMI 
» 1!t««4. 2 k« 
r ( l ) i n (A (£«)! • 
w»l 
«* 3k*—I k* k* «• 1 k1 
• 0(1) £ ffl lACtjj^)! q <£«•«•>---) 
»'4,
 2 . k« « gkM \6T Cl-)| • o(i) t f—* 
art art 
XI) ^ * J A2 (fffl)f l Mum) lACf.^ 
(1) . 
( 113 ) 
to Ttrset of .JKBBR 6,4.t snd condition {!)• II i»# **• heft 
grov#i that for X < a £ 2# 
"" mt i (I) 
««, now c®osi&oar r.g. !fr vlrtat ef condition ( l ib) find 
m «» iyk a a .. -j «NR k* 
ia»X aw® o jJwn ^ N B '2 
*• (e«A)k*-l * a 
0<X) £ * { T t q I 
^ a * ^ **a»|4 
ES*X Ol^i |JWB |A * » a X 
-a k* 
IffnnlUD 
a a-« 
C(X) £ * 
«• k* «« k* <*» ^»»j>X ^BH4 k f 
•
L
 $ l ' t » t * I ( ^ \mmmmmm m — j ) 
» , US* M. • i _ — . » QJS&W£ | W 'JMB CPiU V fk-X 
C{X) r. e 
W»X 
~ k1 k* «« k* 2JL '*• 
;J*» M '**'' ! * « T 
(«»X)k'«l IT, k\ *• 
,*X r M ^ * 
*» ffik'-X q.j k* k f 
*A 
(X) # 
( U 4 ) 
2hi« eon&afot the proof of t&© tfaaoran for I < a < 2. 
J i S S j l l * Jsffi « > 2. etsootifi? & posit*** Jjrtfr t 
saofe that I { t < 2 < t • i , ;«e s t a l l mm nm of induction 
on t . £o» the r e s u l t being 1114 w&ea t » l # W « * • I» *• 
asesiua© th« r*mjlt fee treo for B < a ^ »• ! (e j> I ) , our mis 
now 1st to prove tfe« validi ty of the resu l t for ml < a ^ »•£, 
*%»» ifi view ©^  Abel** t r ans fo ra t ion , «« cnn «r i t« 
.- - c , • i « , . « * • s ( «A C J -tf • e . tj: 
AMI eerles •. ii fi . will be ounnBbia |':»pvej ** «*ch 
of the e©^uono«s {^(»)} • 1 * i#2§3 ie Bramble |f?»Ptqj. 
}%? v ir tue of I M U 6.4.10 enl ftbe l^rp»th«rai.s ) ( t*/a) i s 
nurrrtble |C,a«&Jk, l&erefore in c r - r r to prove She eusnebliitgr 
tKtPfoJ of enofc of tfee e«*cieneeo [l^{a)}&iadt [fg<n>} i t eeffieee 
to prove tt:e oeeertlos t t e t th& s^qo«ao»« -[€«! sM f I a A C B l 
eatlnQr the conditiooe e?* tfe*» theoree ebon a i s replaced by 
( 115 ) 
*» l . fine* 
a | e_ | < «• 
ml n 
lapl iee fehat C^ * S(n) f i t follows fr®» Learn 6#-*.7 tlmt 
i*»X 
n 1 A (e ) | < - . . . (6 .5 .6 ) 
ftlfiOf I t ill «Tl;0B* thftt 
• (a<»l)lr'«l q- fc* k« 
. n (-» > | € j < % . . . 6.5.7) 
n 
Pertfeer, f^ ifiee a > 2 coalition ( i ) laply 
» I A (£«> I < "• • 
whicfe, in to n r*n»c t« tt».t 
» k*«4 k1 
>: a | A e ! < -» . . .<6.5.e) 
ml a 
"wf Trt* oboerTe t i n t 
C l i f e ) 
A e 0
 ;«• ! ! <*•!» |J 
j » » i*»ti 
a«i. 
<n*0 A Cfa) . <* A CfB) 
'fbrsfo"*! 
,: m | A <——*)! • a 1 A e n | 
-CD i B I A (Cu) J + 
art 
• A: B I A (e a ) | | 
(1> . 
-Thioh, ft^sla ta. tar a, $Mrt* 
« «fe'«l. a - l © A t - fef 
i: 5 J A ("»"""i,ig) I c. »
 § 
•..(6.5.9) 
wteicsh m*m t&f"t 
( 117 ) 
II ( - » ) | » A f J m fi(\)9 . . . (6 ,5.1^} 
•'Cueing tbt •ftp.tiot* (6.4.6) » (6,5#10) th« s0c«r tlon is troe 
th~«t {c a } rnd { o ^ € a } *rvti«fSr tfe© bfrpotboeee ©f the 
thaores ^ © B cr-4 Is taken in>t«r.di of ©. !feao@ both ©f the 
e©«ti*?nc&e { ^ ( R ) } nnd ( ^ ( a ) ] *»re ©csmble |t.tpf<?j# I t 
©uly ? mm Urn to cm a® icier th« eQqwuao* {'&*(n)} . -•»# ©fell ne<? 
shew th$<% {^nsi *«} i ? ! fiB^sRble i"tPtol# 
:s® Itav© 
m l y F l a a ^ p art B m l ft 
<*l ^ ** ma " c «P1 r a *** * 
<•» 
« e . k« k» al;»-l •• «ak+k«l, l ,k l A 
< c( ?; {*»} | e . . j .M )C ;•• a k j ) 
<J«1 ~ i i • * *
 :.j«l » * ' 
- 0 ( 1 ) , 
{ 118 ) 
toy (li)fe ftftwr- Applying «^HRMB 5»4#& ( i i i ) nad 6.4#8» 
?hi»» J' ^Cn>l i0 «iffls®ttl© {?;9p9tg| and toy indaatioa 
%tm tbaaraa IB prevtd for a l l a > 2. 
l/k a n «<Hl 
l A a a -cHL
 A*« a ^ 
- a A r. tn(;*»l) «• £v ( A r ) 
l A « a -«•*• «• &~1 « 
B * ,- k l H ) A I. A A ( f ) 
» AJHI " / * a qvtf r»M q 
l A « a -««4 a ** a-l a 
l A a a a a ««••& «-l 
l A a «» a a ««m «-4 
• tpB+1 " i l»« •->* 0-M 
•
 l * ">gt • * * • 
( 119 ) 
'% tfooreforo, *»." tmf "low % jref* that 
i: { * <\ * J ' < - , h « l t 8 *..(6.5.11) 
•3* fe£Ve» f o r © < dr < 1# 
«jn «sa> l /k a B « ^ $ -©-1 «-l k* 
*• (a+l)k ,«l r *» a a . cj«i 
< c s < C i \ A C f J ! 7 I M ) I1 w»l IJ»© fj*m "* 'a*«' B 
M - a - l «»1 
• $-(o<»l) * ! A 4 I )V 
n
 3*a $<•© e»3 _ J 
«* Ccr+l)k,-l » a a
 M <HL qM &-1 -a k« 
< c > n { i t j A {£ J I £ -*— * A ) 
-* («*l)kf«4 m n u -1 k» 
• c . • (2: l A d . J l ^ r l ) A ) 
( 120 ) 
«• (a*!)tef*l -*• m • k1 
< C > El 81 ( h | A (f ) I ) • 
• m*\ mm ** 
* («r>l)**«4 o _ k» 
• C E • { A (£ t t ) | 
ml 
m «k»~l « ( •«>k»«l « k» •» -6lMtkfrto4 k»A 
" a >. n I A («0) I ( I <J ) 
19*1 ^»S 'f 0 » * 
*» «k«-l-*k«-«k f*k« » {«+•'• ) k M « k« 
•0(1) .-: • l <j I A (?n)i «-e(l) 
w»l mm q 
«o ak**l«ftkv«&k**k* *» (a»6)k'«4, a . k1 
X I ) s l q iA <?J •<?(!) 
• (a*l)k '«l 8 ^ fc1 
•o(l) Q i A &J1 • od) 
(l> 
l^ r oonditien ( i ) # 
Ifcio proves (6.3,11) fo*" b * If "»fe©n o < e < 1. ftm 
on, CMS when c • 1 ie tfttiS© eafljr » we p r t t e -c l t i t c proof, 
ri0Wi f^. t«ko (6.5,11) for h « 2, IV o < a < I , we h* 
( m ) 
a « Q_ r A (f ) >: 0 (.*•!) # A I 
*» Ccr+l}k,*4 
< C •: El 
«W *i» *>»1 
,4 ««c*«»l a—1 
* 3-« j«« <H 
A -Gt-1 « " l k* 
• $A (a»l) I A f 
€{l) 
(«*l)k»«4 
JSPI 
• ^nA *» a a-1 l-«lk» 
*. —— i } A (i f t) |A * 1 • jams
 R2_ $*a*l C <f« 
«• («*t)k f«l\ «• • a p«^a -« a-l lk1 
pf*l mm *»ml i A ( ? ) 1 * A 
*> («*X)kf-l • s 4 a . - N i k' 
ft(l) *,_ B < J : * | A ( ? J f i': t- - 9 ) • 
n^* OWE CMS W»C B H l 7 
» ( a + l ) ^ - ! • «~t a ^ •» l-a 1 k1 
* Cl) » ( I A | A ( tL ) | ^ A - i ! ) 
HP*! <pw <?-© Q OPfj J3MB "7 
• afc*-l ~ « _ &! k* 
- o(l) i. m ( i | A < t j l i o n — ) * 
«* ask*—1 «* a k* 
• o(l) i. • ( ,: | A ( ? J j ) 
tan ^ B 
a 
( 122 ) 
tax 
akM. - te»l*<i)fc* « k» - - * - | - k f 
i ( , q * | A ( f J | X v. « log £*) 
+ ( I ) 
• (o+l)k'«& m _ k» ( I ) o i A <?J! * c(i) 
cpl ' q 
• CD. 
1MS p*oof for o » I lis slQplo htae* «r© osit to $.v© 
I I . :,M© provte th*t tto ooaftltiona or© ad©©e»>t«» 
hlr wia|»t©%©© fcfe© proof of %fe® t&ooro®. 
.-<© note ftte--% for p • I for a l l R» ©or tboor ©as r#&»©©© 
'•o tfc»* of itezhfiT [25] (®©e n»»i»©a l . M l # 2^'f>t«r I ) , Again 
vhin wo pott Q.a » l t wo obtain another r e su l t of <^«sbRr [26] 
(»©# Thiirot 1.6.12, diopter I ) . 
Bw k • l t wo ©©tats .due-©***© i>.3.1 of Ghftptor £>f and 
feoae© our thooros contain©, Ui turn *&* **• ''©culte dl!»cu»- ed 
In ttht proeodlng chapter. 
( 123 ) 
2fao follow las two roaults ; o ijwiedlate froa ffe«o**« 
6,3,1 «fe®« im put pB • AB • ^n * % *WP *** °» ftB* 
«u • I tor a l l a. r©^p@etlv#ly (©e© :*etien 5.6 of last 
Qaro^nty 1, J§ | o < *> < l t © > o ftj*3 ;> < e, Tfag 
ffMf { ^ o^oh fcfet i $^n |s ggya^o |C,d,0| 
yfttafty £ II^ £©, OttpRblo |C»«J&i FTg : 
<t) a 
(U)«t 
«p»l 
-1 k» 
(ii)b m |Cttf < • *• 
gggftfex »• M fa} & wffltrittt s^& w4"r<y,tiw 
gfc^ 'K* I2ftl£ia8 gttMfltt fa. «"*} M&lBiSi !&«.><>• 
JUS!* lit «Sgg«g 2iii WSttiMt MmH&B £E ' V t Jl 
k 
( 124 ) 
IE** 
art 
ort 
cart 
GHA?T1I* SQtm 
7.1. j^iasfr^ag, ifflflMftHgafr 
I«t ;:: a_ be a riven series? wltti f§LJ ae the ©«mience 
of It® partial I3BS®. :.#t fpA t (Q^I » Attd \b^ be the 
8«?nU0QO«P SUOh tfaft.% 
«« %* %+ ...* v ^ * <^-<> 
?«rt&«" l e t [ir_V be daflMA a® 
r B * V a * 1 W ••• * % V r - l * • • 
tot 08 denetu 'bgr [ t ^ and ^fn] , tfee (!svptq)«» **na 
(?i|bV»a»f»ae of ttie aarle® >: aa t respectively. If «• write 
11
 r _ fep© **""* te 
( 126 ) 
thw&t tti# series '•: m ie ootid to b» «iBmbie ^ fch» 
netted K':tP»Q> (Bfb)i If tb« no uenct jrQ i s of bounded 
vnriatloa, 
.*. s*.l©o w r i t * 
( >; p^11) * i, ott«rt <La"*<a>i) . . .<7.i.l) 
CT»© IPO 
whenever i t Isolde, ttlttoat loss of ;-ysoaraXi . * are tmlco 
*0 O * 
tlw f*llo*lftg rtlatiooe are the ooa*a<$tMM&.«s of (7«1#1)« 
f • • * 2 * 
n 1 
r
 ® a - k ^ k - \ v . . (7.1.2) 
1 * B * © 
Xn th« precedlag two cfeftpttre «$ tew- stndisd th» 
abstklBte ftanaRttLiitgr f"ketone i» t?r*flftl%loii from io,©! jCctU 
C 127 ) 
ewvaftbilltjr $© {Kt9»qf metW of mm?mMllt&9 
rosp«c*.ivoly» ;o ©toll ooaftldor in tfelo oboptor tbo 
Iteration profeot of to* ©et&o&s ('-fP»q) aa* (Ifb). 2k* 
attboA l(*?tPf€») (ff*b)| to Utaro-tins to lteolf boeaooo 
only prefect cwtJ»ix wotfeoft* of osaeobililgr s^ »t3 to fnelnAt 
in i t . m flsfll, f aroof i$?ifc«f ifi portioBlftr titter «b»t oondi-
%4om tbte OfOtb'** wtj aeeor« tbo ate i^ofc® oonvorg>oaD* of a 
e«rio© obtain^ by tbo torowvloo protest of « »'-<?«•»&• ©£ 
factors to a ootrteo «tetsb to t s ^ M e bj tide netbod. rao 
rodooaiAg fontero of tht ^ooalt tbr>t wo b&*o obteiaoi in this 
dlroetion i s tb t i t gravid** uo with a ooavtrg**** footer 
tb**r*s isttelving tbo iteration of tb* ©otfeod Clfb). A aoro 
S*a*r*l far® of our «•#"?/tlon i« laeludod i s s®ot4oja ?#6 ©f 
Ibis ob&oter, 
;se ob*it grow tb* fbiiowiag tbter*** 
•a*-^ -^ fa. i»i ^} st t m^mjs^lm mmm 
m& \pn\ bo **.*& tb*t iji. ooc^Qltt^ lo-. M&$t&i « m i°n] 
( 128 ) 
# a * 4 °i 
w i M r t ) j < K { «M <«i) £ | ^ f t{ — ~ ) j j it | —»| f a £ n 
<t») f o j < «• . 
ass» l& gmgflffg u* fafUfitsl mtttrtw ttsi£ %Gn 
CD eB • e ( ——. ) 
™ " a liL 1*. 
H i ) «w • t { — 
aa»l ®»«4 
att«S *»-2 
7#4. -3fae jLfyyfc 
•^ s ta l l M s tht help of tfe« following 1©W*B in 
tho proof of ottT fhtoroa. 
fcaau 7 .M. &£ 
1 n 
*»* r - * * W « * I * M ...(7.4.D 
( 129 > 
a > * * \ i 
f. :''>!«• $*«* «ell-lrno«ii imw-eiosa siw© 
S 
1 II 
find tibia, to twB l4£ftl«B tfo# recall , 
iupllft 7«4«8« |£& 
I n • 
yn • ~ ^ ¥**Ht qf* *M • . . (7.4.2) 
v/he-e * jaglaw B& (MHEW'fifM fi£ F< V 
S ' A y Mw A » ( ~:— } rr ;J»o 
m L^ ( • • » m* < ) «M» 
<Wl ton 
ssa£» Sllle^ 
Wl a * 4 ttM • ••(7.*«'3) 
( 130 ) 
Flirfcfcw, <7,4#2) ramalft 
e© thrt9 w© obtain 
£#•© % 4 
Fro© (t»4.3) w© ale© art 
***« Wi • -
3, < V W>-
W W -
M 'a-4 
( W*»- t ) 
«*•» £ Z \ . ( • • • I I M ) T..JT., * 
btt rJ*t o , ^ 
3i»-2 a-3.
 A °a-M»8 
E A ( — ~ — ) T.« y w °^ Sn*g ;1 *|i 
n 
:#»0 
B
»»£ » °a«#*2. Bw A Cn»?>4 
a* 
A 
b a-* * » - : a»i 
^ •"•IW. »^-£ ba «a-l 
**
 V B
**T$ /, 
( 1 % ) 
8- . ®»-3»l 
i £A*<~-r~) T 
3»© * "a q ^ 
n
 A n [ Bi*2 A , V j - 2 
b
- ~ *»4 
0i«j® tli© ottifle1 term vnat#bM la vie® ©f the (tofialtton ©f 
^rtt1 ftai (7.1.2). 
Thie «©E^ L@t«s fth© iff ©of of the lees?*. 
LB&.A 7»4.3. (&3j), ££ 
a 
l£CS : n, M £ JstSimS BSESS2I* BS§ £ gffim&g&g *Si 
C 112 ) 
i$tuJ £ K 
l i 2mm?•*•* sat a t tisaisass {?«} is s&& as t «gftttMi 
CD or j i t sgig Hfgf i jgUfe. $ * • M gWMBa Sit g^Ci-
SIM OTMtllftg M ' V a & M iESlsS^E HfwrfiMl 
B 0 
HA • £ |eB—— ! I £ * | A a <- -)1 & * ...(7.4.4) 
?fr Unnm. 7»4*&» «?# earn w i t * 
a M f aiH?
 A *a^«B % A °iH*l\ 
»JSL • ;•: t _ A jri( .•: i 4—— & M ( « w « • » ) - «*» A - ( • • • — w y g « 
n 
f L <( 
Ui > a) # 
. . .(7.4.5) a © B « 1 • • • % » • * • * / 
( 133 ) 
3»«9 Xmm 7%i.3 provide the usees©: .xgr and sufficient 
eondltloii for i&j^ nl to b« ooover:-*eiit whenever l^y^ 
i#e» 
^ _ * » • • - *_JS * L • , 
m^ R 3«o [ b ^ q ^ ba q j r t J ^ 
It tuff tees ttw»t for nm proof of t&© loom to skew that 
M-'i) • V If- — I I E * - & (»• - ) f < £# 
1
 ma * \ ** 3 a
 w 
«• O*B «apit«t in «!•» of oeailtiott ( i ) of Theorem 7.3 •!» 
F1(<i)»o(t) i; t • * I i i y 4l f A «C *-> f 
0a»i 
o(l) ? 1 ^ r ! j 
* c(i)» 
in vtftw ©f hypotheses (a) and (b) of $he*re» t .J . l t and 
( 134 ) 
this prow*? fbe imnu 
1.5. _ I J : E£ B $ » « « « 
gy^yofty £f oon^^fi ( I ) . In vi«w of LKBS 7.4.3 
m& (7.4.5)§ s atoMeory mm mtttotitA condition ttmt 
" !»-€_} is ooiwcr f^nat tftwwwvw ;.. j A y { is co«*«r#iirt i» 
fho*t i t if a«o®#<ssipy %tts% 
W» " c(l5-
imt i s 
A ( —JL ) [
 v 
i*»i q l * 
tfo# ap^lioftti^n ©f th# relation* (?*1»2) and t!ae definition 
©f (r^i aft?i" soff» ©&«j ia&AlpBintioJD0 yield 
( 135 ) 
*"U*i t&\ 9 C\/A\ 
Vl Vl 
wfeiefe i» conditio! ( i ) # 
2 M £ l i S t i l *1JL^# Af%Mr ^m%®^ *** »*ee©®«ity of ( i ) t 
i t in oaetteiaory to apply Imwm T.4#4 e*iich refloats tfoat tfeo 
ateeooMry condition for £f&gCgi < m ^mnavmr y. a a i t 
isosjmbl* i<X»Ptq)(K»»)i ! • (T.4.4) i .« . 
i: |e •—- | j i r 4 & (— •) i < w 
rhi» mmsoreo tfeo bounds non» of *ioh individual tora i s too 
at»v@ an8s« Xa p^rtlcul^r, tao teaofiedoooft of tht firet aoa» 
wmlthifiC tor» {ufeiofe ia tmr a • a * £) iqpliM 
€ ^ g — — • •»••!• •• '•••• « 0 ( 1 ) 
\ * 1 *J*1 
which i® condition ( i i ) . 
# i^ r iiisee 7.4.4, otgr *is r«a«c©«s to ahem 
( 
that ?(,4 i £ • wtowww eoMItlon ( i i ) ta&ldti. 
;i® tew 
< !f 
by condition ( i i ) and bypot.tae#*<? (ft) and (b)# 
Tfeie ocmr?lotoe the proof of ouff ioi«nqy and thus tfct 
tbtores i s •etnbllehtd, 
-.'.6. - e : ^ d ^ £w.ig. 
in tb« li#% of th® identity 
is m 
( 15T ) 
iv« obmsvY* that in fcb« mt»* wtmn %n • I £©r al l »• fMtarta 
7.3JI retooes to ^b«or®« 1,6.16 ©£ obapter oae. 
W&rmrmt9 tf # • tako pft * I far ni l a» tfee following 
corollary is iaartiatou 
CC'SQi&AftT 7.6.1 • 2he aee#fl<snr . mad «*ff ic ies t condition* 
tib»t •••«JB- ebeelfi h9 b«© lately o©afwrg©at vtiiBiwr ?: & o n 0 
CD e • o ( — — ) 
and 
(U) € • c { —*~——) 
"'D»8 "ft"* 
wfeare ^pn] I® a H&o»t8Gri^*i»g ©e^ u©ne«. 
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ABSOLUTE SUMMABILITY FACTORS OF INFINITE SERIES 
BY NORLUND MEANS 
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{Received 30 September 1978; after revision 23 October 1979) 
In this paper a result of Chow (1954, Theorem 1) has been generalized to the 
absolute Norlund summability factors of infinite series following Ahmad and 
Khan (1974). 
§1. Definitions and Notations — Let 2 a„ be a given infinite series with {sn} as 
the sequence of its partial sums. Let {p„} be the sequence of constants, real or 
complex, such that 
Pn = p0 + Pi + ... + Pn, (n > 0) 
pn = pa = 0, (n = - l , - 2 , . . .). 
Then, the transformation 
n 
T„ = (A,)"1 2 pn-vsv, (P„ z£ 0) 
v = 0 
defines the sequence {tn} of Norlund means of the sequence {s„} (Norlund 1919, 
Woronoi 1932). If {x„} G BV, that is, S | T„ - T„_I | < K*, then S a„ is said to 
be absolutely summable (N,p„), or simply summable [ N, pn \ (see Mears 1935). 
The necessary and sufficient conditions for the regularity of (JV, pn)-method, are 
Pn = 0(Pn) ...(1.1) 
and 
S I P, I = 0(\Pn\). ...(1.2) 
v = 0 
We observe that, from (1.2) 
lim ^ = lim f l _ | ^ ) = l. ...(1.3) 
In the special cases in which 
,«-i T(n + a) 
P
"
 = A
*
 = i>TTn>)' ( a > - 1 ) 
*/T denotes throughout an absolute constant, not necessarily the same at each occurrence. 
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Pn = (n+ l)-i, P„ = 1 + I + i + ... + (n + l)-i ~ log n, 
as n -> co 
the (A/, /»0)-mean reduces simply to (C, a)-mean and harmonic mean respectively. 
We denote the nth Cesaro mean of order p(> — 1) of the sequence {««„} by / , 
denned by 
n ^ n ' - n-v * 
v = 0 
For any sequence {un}, we write 
A°(«n) = Un, A(«n) = AH"") = "» - "»+l> AfAs(«») = Ar+S(««) 
(', •* = 1, 2, ...) 
and 
co 
A*(««) = s / r* - 1 wv+» 
v=0 
provided the series on the right converges. 
For p = pn, we write 
iVp(/>; «, p) ev+P/(v + p) 
n 
= 2 /4 (Pn+p/'n-v — Pn-vPn+t) 
v=0 
#*(/>; «, p) *V+P/(V + P)2 
§2. The following theorem was proved by Chow (1954, Theorem 1). 
Theorem A — If 0 < a <; (J and {A«} is a sequence of positive numbers such 
that {An/«} is non-increasing, the necessary and sufficient conditions that S anen should 
be summable | C, a | , whenever S n-1An I '„ I < °°, are: 
(i) 6 n = 0(n-»A„); 
(ii) AB(«-^n) = O («-»"> A»). 
For 0 < a < p, we generalize the above result for absolute Norlund summability 
by replacing | C, a | by | N, pn | , in a manner similar to that adopted by Ahmad 
and Khan (1974) for the generalization of another result of Chow (1954, Theorem 2). 
§3. We establish the following theorem. 
Theorem 1 — Let p > 0 and {A„} be the sequence of numbers such that 
An > 0 and {An/«} is non-increasing, and let the sequence {pn} be nonnegative and 
non-increasing such that p0 > 0 and {Pn/n&} is bounded. Then the necessary and 
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sufficient conditions such that 2 a„en should be summable \ N, pn \ whenever 
2 «"% | re | < oo, are: 
(i) e,, = 0(nr*Pn\n); 
(ii) AB(»_1«n) = OinV-^n). 
Remark : Since {p„} is nonnegative and non-increasing such that pa > 0, the 
condition of boundedness of the sequence {P„/«p} is automatically satisfied when 
P ^ 1, therefore in the theorem this condition should be treated as void for (3 > 1. 
§4. For the proof of the theorem the following lemmas are needed. 
Lemma 1 (Chow 1954, Lemma 4) — Let {Sn, $ be a double sequence. If 
00 
U»= 2 S„„M^ ( n = 1,2,3, ...) 
a necessary and sufficient condition that the series 2 | Un | should be convergent 
whenever the series 2 | w» | is convergent, is that 
00 
where C is a constant independent of p. 
Lemma 2 (Chow 1954, Lemma 1) — If a > — 1 and a — 5 > 0, then 
CO jS CO . 8 
2--2- 1 • C T - S - 1 
V 
Lemma 3 — If p0 > 0, and {/>„} is nonnegative and non-increasing, then for 
v > 1 
CO 
(a) V s-p— (Pnj7„-v - P„-vP«) < K; 
oo 
(b) V ' A ^ ^ J < * + - £ < 
« = v 
CO 
< * < ^ 
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(a) is given in Ahmad and Khan [1974, Lemma 3(c)] and (b) and (c) in Ahmad 
(1966, Lemmas 3 and 1). 
Lemma 4 (Ahmad and Khan 1974, Lemma 4) — If />„ > 0 and {pn} is non-
negative and non-increasing, then for k >
 v (v finite), v > 1 and p > 1, 
k 
y 5 5 (Pn+uPn-v Pn-vPn+u) ^ "5 • 
n=v 
Lemma 5 (Ahmad and Khan 1974, Lemma 5) *— Let p > 0. If p0 > 0 and {p„} 
be nonnegative and non-increasing and if e„ = 0{n), then 
^ - / •< n-fpfn+p-1 
n=0 
Lemma 6 — If /70 > 0 and {/>„} is nonnegative and non-increasing, then for 
v > 0 , 
oo 
Pn-V S I Pfl-V-1 />„ +P ^ 2/70 •« v+p 
This is the correct form of Lemma 11 of Ahmad and Khan (1974). The proof 
is easy. 
§5. Proof of theorem 1 — We have 
n 
Tn — Tti_i = ^ ~ 5 ^ (PnPn-v — Pn-vPn) Ev^v 
v = l 
t 
" -A* , » 2 P^P 
~ Ap/f i -r n - l p 
where 
= i i >->n,pWp 
p = l 
PAr 
S„,f = J-JJ-JJ- N*(p;n- p,p) 
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and 
Hence the necessary and sufficient condition for £ | rn — -cn-i | < <», whenever 
2 7J_1An \ t* | < oo, by Lemma 1, is 
oo oo B 
2 x ^ ?A? I sn,f I = £ v v v ^ I N*(?>« - P. P) I < °°. 
or 
oo 
M{9) = y ~ | W(p; n, P) | = 0(p-f»-iA,). ...(5.1) 
n = 0 
Necessity : The condition (i) is necessary. For, since the first term in Af(p) is 
we have 
- 1 . ^ 7 l | 6 p , = 0 ( p - B - , A f ) 
/ p / p - 1 P 
i.e. | ef | = 0 ( p - V f A f ) , as />0 > 0. 
The condition (ii) is necessary. For, since the condition (i) implies that 
tf = 0(p), and (5.1) together with Lemma 5 implies 
00 
AB/-1 ^ V m(P<"<P) AB(P 1ef) = > p- -p > 
71 = 0 
hence 
00 
/! = 0 
Sufficiency : Suppose that conditions (i) and (ii) hold. Then it is sufficient 
to prove that (5.1) holds good. 
Case I : When ( 3 = 1 — Since A~2 = 1 (when v = 0) and =— 1 (when v = 1) 
and it is zero for all other values of v, then 
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N (p; «, P) = 2 - C (p«+f/,"-v - P»-*P»+f)
 (v 
v+p 
+ P) 
v = 0 
and hence 
= (Pn+fP" — PnPn+f) (^n+p^n-1 — Pn~lPn+e) / , j j 
= (Fn+pPn — Pr>Pn+f) ( — f ^ T T j 
+ [(.P, l+P/?n — P„pn+f) — (Pn+fPn-l ~ Pn-lPn+t)] -,~ TT^\ 
= (P»^P» - PnPn + t) A ( — J - P«+f A Pn-1 ^ J 
— PnPnxt •—. 
P + I 
00 00 
S \_NHp, _n, p) I ^ (Pn+fPn - PnPn+f) | A ( if\ | 
CO 00 
, ^ I A Pn-i [ I <?P+I I , V " pnpn+f I ep+i 1 
Z , Pn+f-1 (9+ I) £ l ^n+f^n4f-l P + 1 
n=0 n=0 
= S, + 22 + S„ say 
where 
\PnPn-f — Pn—fPn) 
PnPn-1 
= 0 ( | A(p-%) | ) (by Lemma 3(a)) 
= 0(p-2AP) (by condition (ii)); 
2 
< 
< 
= 
1 «m 1 
P+ 1 
* • * 
^ -
c(P-2Af: 
00 
V * 1 A P*-t-
Z-i p—i 
1 «P+I 1 
P+ 1 
Pt ^p 
p p + 1 
) (by 
-i 1 
(by Lemma 
condition (i)); 
3(b)) 
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and 
00 
^ P, p(p + 1) 
= 0(p'2Xf) (by condition (i)). 
Case II: When 0 < 8 < 1, 8 > 1 — Let us write 
k oo 
...(5.2) 
Then, since 
MM -
n=0 
-- MM 
k 
n=0 
n=k+\ 
+ ^ j ( p ) , 
\N»(p;n, 
Pn+fPn+f 
say. 
P)l 
- l 
n=0 v=0 
n=0 v=0 
__ V I ^ -8 -1 I l_fv+f>J \ ( Pn^fPn-y — Pn-vPn+f) 
Z-l V ' V + p Z^ P»+fPn+,-l 
v=0 n=v 
< * 2 , M * ' (v +"p)» (7+7) ^ 
v = 0 
(by Lemma 4 and condition (i)) 
= 0(p-«»-iAf), 
by hypothesis, it remains to prove that 
M2(P) = 0(p-P-iAf). 
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We use the identity 
to write 
W(p; n, p) = (P + p) NHp; n, 9) - ?N»'\p; n, p) 
so that 
M2(P) < (P + p) < (P) + pM8"1 (p) 
where 
°° _ 
MJ(P)= V l f ^ , (Y = P. p - i). 
Hence, it is sufficient, to prove that 
ilfJ(P) = 0(p-"-*Af), (Y = p, p — 1). 
Proof of (5.3) Wfow y = P - 1 — For 0 < p < 1, 
P)l 
^_W * n+p* n+p-1 
n=A:+l 
w=0 v=0 
CO 
1 
n=p 
0 0 
2 
v=p 
CO 
n 
I 
v = p 
^ 1 
V-P 
< 
V 2 
J (Pnpn-V — P„-
•
f
 PnPn-l 
CO 
I 
n=v 
(PnPn-v — 
vPn) 
- 1 
V2 
>Pn) 
<K^ A;*f L^J (by Lemma 3(a)) 
v = p 
00
 A-R 
^ K^y ^ - P" ^L (by condition (i)) 
v = p 
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9
 ?A^ 
by hypothesis and Lemma 2; and for j3 > 1, replacing A~* by | A~ | in the preced-
ing analysis, again by hypothesis and Lemma 3(a), we have 
00 
v = p 
00 
<K^-2"" 
v = p 
by using the fact that S ) 4^* | < oof when a < — 1. 
Proof of (5.3) when y = p — Since 
— " 
N*(p; n, p) = 2 , T _1 (Pn+,p„^ - Pn-vpn+t) e^+f 
v=0 
"
 v
 _0_ , 
= 2 Av^t l+p.pn-v — Pn-vPn+f) ^j -4. e , . 
v=0 7 = 0 ' B-l 
"T (Pn+fPn-v-1 — Pn-v-l/'n+p)v=n 2 4^ € )+f 
where 
; =o 
v = 0 y'=0 
^v? (/>; «, P) + Jvf (/>; «, P) + ^3B (/>;«, P), 
JVf (/>; «,
 P) = (Pn+fpn - Pnpn+f) Ap(«;>, 
v^4
p
 ( p ; « . P) = - ( * W » - Pnpn+f) 2 ^;B" 1 £ ; + p , 
- B " " - B -
N3(p;n,p) = - 2 A»(Pn+,pn-v - Pn-vpn+t) 2 ^ ' e ' 
v=0 y=v+l 
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In order to prove (5.3) for y = p, it is sufficient to show that, for 0 < p < 1 and 
2 « | JVf (p; n, p) | = > —-p—p =0(p-B-«Af), ( / = l , 2 , 3 ) . ...(5.4) 
Proof of'(5.4) wfe« / = 1 — We have 
oo , r:J} 
2,= 2 
n=/c + l 
I K (P-> «. P) 
Pn+f'n-t-p-l 
^- - / •« n+P' n+p-1 
«=0 
CO 
B = p 
= 0(p-»-*A,), 
by hypothesis and condition (ii) and Lemma 3(a). 
Proo/ of {5A) when i = 2 — We have 
0 0 CO 
P + ; ' - I 
PuPn—f — rn~fPn 
PnPn-1 
; = 1 /l = p 
oo p+7-
00 
- 1 1 ^ 
y=i «=p 
00 
7 = 1 
, 
i+p 
- p ) -
, V . 
^p+i-1 
» • />!+, (7 -1 
p 
• P ) 2 Pu,-i 
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co 
= o(9-»~%) 2 i A;^1 I ? w 
co 
since {pu} is non-increasing, Pk < (fc + 1) p0 = O(fc) and hence 2 | ^~ _1 | P^i 
converges. 
Proof of (5.4) w/^« z = 3 — We have 
co n co 
A < X P 7 7 P 7 7 - ! J X Av( jP«+»Pn^- i > »-vPn + f ) ^ ^ " ' V ' 
n = 0 v=0 j '=v+l 
0 0 CO CO 
v = 0 / = v + l n=v 
co 7 — 1 co 
7"=1 v = 0 n=\t 
co 7 - 1 
7 = 1 v = 0 
co 
^
 2/>o V l 4-*-1 i ; P , + p A,+p 
^ P, Z, ' ' l 7 ( / + P)3 (J + p)2 
7 = 1 
= 0(p^-2AP) 
since, as in the proof of (5.4),,, 2 [ A. x \ j < co. 
" 7=1 ' 
This terminates the proof of the sufficiency part of the theorem and hence the 
theorem is proved. 
§6. Since N, r' C | C, (3 | for every (3 > 0, by taking A„ = 1 for all n 
and p„ = (n + l)~x for n ^ 0, we obtain the following harmonic summability factor 
theorem. 
Theorem 2 — The necessary and sufficient conditions that the series 2 a„en 
should be summable TV, —--.- , whenever 2 a,, is summable I C, 3 I , are: 
I n + 1 i > r i > 
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(i)
 eB = 0(irMog/i); 
(ii) Afy*"1*") = Ofo"*"1). 
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